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Abstract

We study the problem of scheduling permanent jobs on un-

related machines when the objective is to minimize the Lp

norm of the machine loads. The problem is known as load

balancing under the Lp norm. We present an improved up-

per bound for the greedy algorithm through simple analy-

sis; this bound is also shown to be best possible within the

class of deterministic online algorithms for the problem. We

also address the question whether randomization helps on-

line load balancing under Lp norms on unrelated machines;

this is a challenging question which is open for more than a

decade even for the L2 norm. We provide a positive answer

to this question by presenting the first randomized online

algorithms which outperform deterministic ones under any

(integral) Lp norm for p = 2, ..., 137. Our algorithms es-

sentially compute in an online manner a fractional solution

to the problem and use the fractional values to make ran-

dom choices. The local optimization criterion used at each

step is novel and rather counterintuitive: the values of the

fractional variables for each job correspond to flows at an ap-

proximate Wardrop equilibrium for an appropriately defined

non-atomic congestion game. As corollaries of our analysis

and by exploiting the relation between the Lp norm and the

makespan of machine loads, we obtain new competitive algo-

rithms for online makespan minimization, making progress

in another longstanding open problem.

1 Introduction

We study the following classical scheduling problem.
We have m parallel machines and n independent jobs,
where job i induces a (possibly infinite) positive integral
load wij when processed by machine j. The load of
a machine is the total load of the jobs assigned to
it. The cost of an assignment (or schedule) of a set
of jobs is defined as the Lp norm of the load vector,

i.e., |`|p =
(∑

1≤j≤m |`j |p
)1/p

for finite p and |`|∞ =
max1≤j≤m{|`j |} for the load vector ` = (`1, ..., `m). The
goal of a load balancing algorithm is to assign all jobs
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to machines so that the cost is minimized.
This is the most general version of the problem

known as load balancing (or scheduling) on unrelated
(parallel) machines. Important special cases are those
with related machines and restricted assignments. In
the related machines model, each machine j has a
positive speed sj and each job i has a weight wi and
the load of job i when it is assigned to machine j
is wi/sj . The restricted assignment model is similar;
the main difference is that each job has a subset of
permissible machines where it can be scheduled. The
load vector of job i in the restricted assignment model
can be thought of as wi/sj for those machines j which
are permissible for job i, and ∞ for all other machines.
Special cases where all machines have the same speed
(identical machines) or all jobs have the same weight
are also interesting.

Almost all versions of the problem are known to be
NP-hard [22]; hence, most of the work has focused on
efficient approximation algorithms. A scenario which
better reflects practical situations is the one when the
information about the jobs is not known in advance
and is only revealed gradually. Computation is then
performed in steps; when a job appears (together with
its load vector), an online algorithm has to make an
irrevocable decision and assign it to a machine. A
natural online algorithm is the greedy algorithm for
the Lp norm which assigns each job to that machine
that minimizes the increase of the p-th power of the
cost. The performance of online algorithms is assessed
through the notion of competitive ratio defined as
the maximum ratio over all sequences of jobs of the
expected cost of the algorithm over the optimal cost.
This definition is quite general to capture randomized
algorithms and assesses the performance of the online
algorithm against oblivious adversaries, i.e., adversaries
which may have access to the probability distribution
used by the algorithm to make random choices but not
to the random choices themselves.

Scheduling to minimize the L∞ norm of the load
vector (also called the makespan) has received much
attention. Lenstra et al. [29] and Shmoys and Tar-
dos [34] provided 2-approximation algorithms for unre-
lated machines while the problem has been proved to
be inapproximable within a ratio better than 3/2 [29].



Horowitz and Sahni [26] presented a polynomial-time
approximation scheme (PTAS) when the number of ma-
chines is constant. For related machines, Hochbaum and
Shmoys [25] (see also [24]) presented a PTAS. In the
online case, Azar et al. [9] showed that no randomized
online algorithm can be better than ln m-competitive
against oblivious adversaries even on the restricted as-
signments model, where m is the number of machines.
Their lower bound for deterministic algorithms is log m.
They also showed that the greedy algorithm that as-
signs each job to that machine so that the increase in
the makespan is minimized has optimal competitive-
ness in the same model. Aspnes et al. [3] observed
that this greedy algorithm is only Ω(m)-competitive on
m unrelated machines. They obtained a determinis-
tic 4 log m-competitive algorithm by combining several
sophisticated techniques such as exponential weighting
and doubling of estimates of the optimal makespan. A
randomized e log m-competitive algorithm was obtained
by introducing randomized doubling to the algorithm of
Aspnes et al.; this result is attributed to Indyk in [12].
The interested reader may look in standard textbooks
on online computation such as [13] for a coverage of
these results and the related techniques. Constant com-
petitiveness is possible for the related machines model
[3, 12]. An important special case is scheduling to mini-
mize the makespan on identical machines. Graham [23]
showed that the greedy algorithm is 2− 1

m competitive
in this case. The greedy algorithm is optimal only for
m ≤ 3; for any m > 3, better algorithms exist [21, 33].
Bartal et al. [10] were the first to show an algorithm
whose competitive ratio is below 2 − δ for some con-
stant δ > 0 and arbitrary m. See [1] for the best known
bounds for the problem.

The Lp norm objective has been mainly introduced
since, in many applications, the makespan is not a suit-
able way to measure how well the jobs are balanced.
Chandra and Wong [15] and Cody and Coffman [18]
were the first to consider the objective of minimizing
the sum of squares of the machine loads (i.e., the square
of the L2 norm). For unrelated machines, Awerbuch et
al. [6] showed that the greedy algorithm has compet-
itiveness at most 1 +

√
2 under the L2 norm and at

most cp + O(log p) for higher norms, where c ≈ 1.7632
is the root of the equation c ln c = 1. Furthermore,
they proved a lower bound of approximately 0.5307p
for any deterministic online algorithm. Among other
results, Caragiannis et al. [14] showed that the upper
bound of 1 +

√
2 for the greedy algorithm under the L2

norm is tight even for restricted assignments. Better
competitiveness bounds under the L2 norm are known
for restricted assignments and jobs with equal weights
[14, 17, 35]. For the identical machines case, Avidor et

al. [4] proved competitiveness bounds of
√

4/3 under

the L2 norm and 2−O
(

ln p
p

)
for higher norms.

We point out that the greedy algorithm provided
the best known approximation guarantee for the offline
case as well until the recent work of Azar and Epstein [7]
who used convex programming to compute fractional so-
lutions to the problem and rounding schemes to obtain
efficient integral solutions. These techniques yielded
a randomized

√
2-approximation algorithm for the L2

norm and deterministic 2-approximation algorithms for
higher norms. Better approximation guarantees (espe-
cially for small norms) were presented in [28]. Prior to
[7] and [28], 2-approximation algorithms for all norms
simultaneously had been presented in [8] for restricted
assignments while, in the same paper, the problem was
proved to be APX-hard for any Lp norm with p ≥ 2.
Alon et al. [2] proved that PTASes are possible for re-
stricted assignments on identical machines or for a con-
stant number of unrelated machines. Epstein and Sgall
[19] presented a PTAS for related machines.

Before presenting our results, we open a parenthesis
to mention that the recently emerging field of Algorith-
mic Game Theory [31] has extensively considered load
balancing from a different perspective. An assumption
made there is that the assignment of jobs is not cen-
trally controlled but, instead, each job is owned by a
selfish agent. Each agent favors assignments of her job
to a machine so that the latency she experiences is min-
imum given the assignment of the jobs controlled by the
other agents. Following the seminal work of Koutsou-
pias and Papadimitriou [27], a vast amount of the recent
related literature studies how much the overall perfor-
mance of load balancing (under several objectives) de-
teriorates at Nash equilibria, i.e., at assignments where
no agent has an incentive to change the assignment of
her job. Load balancing games are just special cases
of atomic congestion games [5, 16] which model self-
ish behavior in network routing. Actually, load bal-
ancing can be thought of as routing demands between
two nodes through m parallel links. A slightly differ-
ent model which has received much attention recently
and whose study has started at least half a century ago
in the Economics and Transportation literature (see [32]
and the references therein) is that of non-atomic conges-
tion games in networks. We describe the simplest case
of such games here; these are the only game-theoretic
definitions which we actually use in the current paper.
In a non-atomic congestion game on m parallel links
connecting a source node to a destination node, there
are infinitely many agents, each controlling a negligible
amount of traffic flow from the source to the destination
so that the total amount of traffic flow is unity. Each
link j has a non-negative latency function fj which indi-



cates that the latency experienced by all agents routing
their traffic flows through j is fj(xj), where xj is the
total amount of flow routed through j. Again, agents
favor assignments of their flow so that the latency expe-
rienced is minimum given the assignment of the other
agents. Assignments from where no agent has an incen-
tive to deviate are called Wardrop equilibria [36] and
satisfy the following condition: a flow vector x is at
a Wardrop equilibrium if for any two links j, j′ with
xj > 0, it holds that fj(xj) ≤ fj′(xj′). Beckmann et al.
[11] have presented a convex potential function whose
local minima correspond to Wardrop equilibria; hence,
Wardrop equilibria for non-atomic congestion games in
networks can be arbitrarily approximated using convex
programming techniques (e.g., [30]). See also [20] (and
the references therein) for recent distributed approxima-
tions of such equilibria. Much easier and faster approxi-
mations of Wardrop equilibria are possible for games on
parallel links provided that the latency functions have
some reasonable form (e.g., they are polynomials).

In this paper, we study the online optimization ver-
sion of load balancing in a coordinated way. Although
several recent papers have considered important special
cases of online load balancing, no progress on the gen-
eral problem with the Lp norm objective has been made
since the work of Awerbuch et al. [6] in 1995. We make
such a progress and improve most of the results of [6].
We strengthen and significantly simplify the analysis of
the greedy algorithm and show that it is at most 1

21/p−1
-

competitive under the Lp norm. We also show that this
bound is tight for any p ≥ 1, i.e., we show that no deter-
ministic online algorithm can have better competitive-
ness than greedy. Our bound approaches p

ln 2 ≈ 1.4427p
from below as p increases. As a corollary of our analysis
and by exploiting the relation of the Lp norm and the
makespan of machine loads, we obtain that the greedy
algorithm for the Lln m norm is e log m-competitive for
makespan minimization on m unrelated machines. This
is a rather surprising result since it means that the same
competitiveness with the randomized version of the al-
gorithm of Aspnes et al. [3] can be obtained by a much
simpler deterministic greedy-like algorithm. These re-
sults are presented in Section 3.

In Section 4, we present the most interesting and
technically involved results of the paper. We demon-
strate that we can beat the lower bounds on the compet-
itiveness of deterministic algorithms for load balancing
under Lp norms by using randomization. We present
a general algorithm (called Balance) which is parame-
terized by p and a parameter vector α. The algorithm
is watching the moments of the random variables de-
noting the load on each machine and, at each step, it
uses this information together with the job loads in or-

der to compute the probability distribution according
to which it will make the decision for the job consid-
ered. This can be thought of as computing a fractional
solution to the problem which is rounded in a random-
ized way in order to obtain an integral assignment. At
each step, the criterion used in order to compute the
probability distribution of the random choice suggests
a nice interplay with games. The algorithm considers
a non-atomic congestion game on parallel links (corre-
sponding to the machines) with appropriately defined
latency functions, computes an approximate Wardrop
equilibrium, and sets the probabilities of the random
choice equal to the flows in this equilibrium. Note that,
unlike the approach in Algorithmic Game Theory men-
tioned above, the game is used as a tool by our algorithm
in order to coordinate the assignment of jobs efficiently.
Our analysis leads to sufficient conditions for the selec-
tion of the parameter vector α. Using these conditions,
we are able to compute appropriate parameters so that
algorithm Balance is at most 1.222p-competitive against
oblivious adversaries for integral values of p up to 137.
For the L2 norm, our algorithm is

√
5-competitive. By

exploiting the relation of Lp norms to the makespan, we
also obtain the first competitiveness upper bounds for
makespan minimization which beat the result of Asp-
nes et al. [3] when the number of machines is up to an
astronomically large constant (i.e., e137).

We begin with some preliminary definitions in Sec-
tion 2 and conclude with extensions and open problems
in Section 5. Due to lack of space, some proofs have
been omitted.

2 Preliminaries

We briefly present the notation used in the analysis
of our algorithms for the Lp norm. For an integer k,
we usually use [k] to denote the set {1, 2, ..., k}. When
we consider an instance of the problem, we denote by
`∗j the load of machine j in the optimal solution. We
use the binary variables yij ∈ {0, 1} to denote whether
job i is assigned to machine j in the optimal solution
(yij = 1) or not (yij = 0). Clearly,

∑
i yijwij = `∗j and∑

i yijw
t
ij ≤ (

∑
i yijwij)

t = `∗tj for any t ≥ 1. We also
denote by Λij the load of machine j after the assignment
of job i. Hence, in order to prove upper bounds on
the competitive ratio, it suffices to bound the ratio

of IE
[(∑

j Λp
nj

)1/p
]

(or simply
(∑

j Λp
nj

)1/p

when the

greedy algorithm is concerned) over
(∑

j `∗pj

)1/p

.
In the analysis we use the Minkowski inequality (or

the triangle inequality for the Lp norm) stating that(∑k
t=1 (at + bt)p

)1/p

≤
(∑k

t=1 ap
t

)1/p

+
(∑k

t=1 bp
t

)1/p



for any p ≥ 1 and at, bt ≥ 0, as well as Hölder inequality
stating that IE[Z] ≤ (IE[Zt])1/t for any non-negative
random variable Z and t ≥ 1 (see wikipedia.org for a
detailed presentation of these inequalities).

Our results for makespan minimization follow by
the analysis of the algorithms for the Lp norm and the
following observation.

Lemma 2.1. Let Ap be a c-competitive online algo-
rithm for load balancing on unrelated machines under
the Lp norm. Then, algorithm Ap is cm1/p-competitive
for makespan minimization on m unrelated machines.

3 Deterministic online algorithms

In this section we compute the exact competitiveness
bound of the greedy algorithm for the Lp norm and we
show that this is the best possible among deterministic
online algorithms.

Theorem 3.1. For any p ≥ 1, the greedy algorithm
has competitive ratio at most 1

21/p−1
for load balancing

on unrelated machines under the Lp norm.

Proof. At the step associated with job i, we have
∑

j

(
Λp

ij − Λp
i−1,j

)
(3.1)

≤
∑

j

(
(Λi−1,j + yijwij)p − Λp

i−1,j

)

≤
∑

j

(
(Λnj + yijwij)p − Λp

nj

)

where the first inequality follows by the greedy nature
of the algorithm and the second inequality follows since
Λnj ≥ Λij for any i, j and the function f(z) = (z+a)p−
zp is non-decreasing in [0,∞) for a ≥ 0 and p ≥ 1.

Next we will need the following technical lemma.
Lemma 3.1. Let p ≥ 1, t ≥ 0 and ai ≥ 0, for

i = 1, ..., k. Then,

k∑

i=1

((t + ai)
p − tp) ≤

(
t +

k∑

i=1

ai

)p

− tp.

Using (3.1) and summing over all steps of the
algorithm, we obtain that

∑

j

Λp
nj(3.2)

=
∑

i

∑

j

(
Λp

ij − Λp
i−1,j

)

≤
∑

i

∑

j

(
(Λnj + yijwij)p − Λp

nj

)

=
∑

j

∑

i

(
(Λnj + yijwij)p − Λp

nj

)

≤
∑

j

(
(Λnj +

∑

i

yijwij)p − Λp
nj

)

=
∑

j

(Λnj + `∗j )
p −

∑

j

Λp
nj

≤





∑

j

Λp
nj




1
p

+


∑

j

`∗pj




1
p




p

−
∑

j

Λp
nj

The second inequality follows by Lemma 3.1 while
the last inequality is derived by applying Minkowski
inequality. We divide all sides of (3.2) by

∑
j `∗pj and

set c =
(∑

j Λp
nj

) 1
p

/
(∑

j `∗pj

) 1
p

. Now (3.2) becomes

2cp ≤ (c+1)p which yields the desired result c ≤ 1
21/p−1

.

Using the inequality ez ≥ 1 + z, we have that
1

21/p−1
≤ p

ln 2 ≈ 1.4427p. This improves the previous
bound of 1.7632p + O(log p) of [6]. We also show that
greedy is optimal within the class of deterministic online
algorithms for any Lp norm; this result also improves
the previously best known lower bound of 0.5307p of
[6].

Theorem 3.2. For any ε > 0 and any p ≥ 1, no
deterministic online load balancing algorithm on unre-
lated machines can be better than 1

21/p−1
− ε-competitive

under the Lp norm.

Proof. We use a similar construction with [6] (i.e.,
restricted assignments on identical machines) but we
also allow jobs have different loads. This also generalizes
a construction used in [14] to show a lower bound of
1 +

√
2 on the competitiveness of the greedy algorithm

under the L2 norm.
Let δ > 0 and integer k be parameters (to be defined

later) and let T be such that T ≥ 1
(1+δ)1/p−1

. Consider
the execution of a deterministic online algorithm on
m = 2k machines and an adversary that reveals jobs
in k phases. Initially, all 2k machines are active. In
each phase, the adversary matches the active machines
into pairs. In the phase i (i = 0, ..., k − 1), for each
pair of machines (a, b), the adversary presents one job
with load d2i/pT e on machines a and b, and infinite load
on any other machine. The machines that are assigned
jobs by the algorithm remain active for the next phase;
machines that are not assigned jobs become inactive.

Denote by opt and det the p-th power of the
cost of the optimal assignment and the cost of the
assignment computed by the deterministic algorithm,
respectively. We observe that a machine that becomes
inactive immediately after phase i (for i = 0, ..., k−1) is
not assigned any job at phase i and later phases while
it is assigned one job in each phase before phase i (if



any). The machine that is assigned the job at phase
k − 1 is also assigned one job in each phase before
phase k − 1. Since 2k−1−i machines become inactive
immediately after phase i, we have that

det(3.3)

=




k−1∑

j=0

d2j/pT e



p

+
k−1∑

i=1

2k−1−i




i−1∑

j=0

d2j/pT e



p

≥
k∑

i=1

2k−1−i




i−1∑

j=0

2j/pT




p

=
(

T

21/p − 1

)p k∑

i=1

2k−1−i
(
2i/p − 1

)p

=
(

T

21/p − 1

)p

2k−1
k∑

i=1

(
1− 2−i/p

)p

≥
(

T

21/p − 1

)p

2k−1
k∑

i=1

(
1− p2−i/p

)

≥
(

T

21/p − 1

)p

2k−1

(
k − p

∞∑

i=1

2−i/p

)

=
(

T

21/p − 1

)p

2k−1

(
k + p− p

1
1− 2−1/p

)

≥
(

T

21/p − 1

)p

2k−1
(
k + p− 2p2

)
.

The second inequality follows since (1−a)p ≥ 1−ap for
any a ∈ [0, 1] and p ≥ 1 while the last inequality follows
since p(1 − 2−1/p) is increasing for p ≥ 1 and, hence,
p(1− 2−1/p) ≥ 1/2 which yields 1

1−2−1/p ≤ 2p.
In order to bound opt from above, consider the

assignment in which each job is assigned in opposition to
the algorithm. Given a job with finite load on a pair of
machines (a, b), the job is assigned to a if the algorithm
assigns it to b, and vice versa. Then, each machine has
at most one job and using the relation between T and
δ, we obtain

opt ≤
k−1∑

i=0

2k−1−idT2i/pep(3.4)

≤
k−1∑

i=0

2k−1−i
(
T2i/p + 1

)p

≤ T p(1 + δ)k2k−1.

By comparing (3.3) and (3.4), we obtain that for
any ε > 0 there are sufficiently large k and sufficiently
small δ so that the ratio of the cost of the assignment
computed by the deterministic algorithm over the opti-

mal cost is
(

det
opt

)1/p

≥ 1
21/p−1

− ε.

We remark that no restriction on the number of
machines appears in the statement of Theorem 3.2.
Our lower bound construction essentially shows that
when p = o

(√
log m

)
there exists an instance with m

machines on which any deterministic online algorithm
has competitive ratio arbitrarily close to 1

21/p−1
. By

tightening the inequalities used in order to obtain (3.3),
we can show that the same holds when p = o

(
log m

log log m

)
.

The lower bound of Theorem 3.2 definitely does not
hold for p = ω(log m) since, in this case, the O(log m)-
competitive algorithms for makespan minimization can
be easily proved to be O(log m)-competitive under the
Lp norm.

We conclude this section by presenting a result for
makespan minimization. It follows as a corollary of
our analysis of the greedy algorithm (Theorem 3.1) and
Lemma 2.1.

Theorem 3.3. The greedy algorithm for the Lln m

norm is e log m-competitive for makespan minimization,
where m is the number of unrelated machines.

The greedy algorithm for the Lln m norm has several
advantages over the e log m-competitive randomized al-
gorithm obtained by the techniques of Aspnes et al. [3]
extended with randomized doubling. First, it is deter-
ministic. Second, it does not use exponential weight-
ing and, hence, polynomial space is always sufficient in
order to perform computations. Actually, the greedy
algorithm for the Lln m norm can be thought of as us-
ing subexponential weighting. Third, it does not use
estimates of the optimal makespan or doubling.

4 Randomized online algorithms

In this section we present the first randomized online
algorithms for load balancing on unrelated machines
that beat the lower bound on the competitiveness of
deterministic ones under Lp norms. Our algorithm is
called Balance, uses a vector α of p positive values, and
works as follows. When a new job i arrives, Balance
computes a probability distribution on the machines,
i.e., probabilities xij that job i is assigned to machine
j. Then, it simply casts a die that has one face for each
machine j with xij > 0 (with xij being the probability
that the face corresponding to machine j is the outcome
of the die casting) and assigns job i to the machine
corresponding to the outcome of die casting.

Motivated by the greedy algorithm, a naive way
to compute the probabilities in each step could be to
minimize the increase in IE

[∑
j Λp

nj

]
=

∑
j IE[Λp

nj ]
due to the decision at the step. Unfortunately, it
is not hard to slightly modify the proof of Theorem
3.2 and construct instances where such an algorithm
mimics the greedy algorithm and cannot achieve a



better competitive ratio. Instead, algorithm Balance
is watching all the integral moments of the machine
loads and, at each step, it makes its decision trying to
balance the increase in each of them. In order to do
so, it defines appropriate games at each step, computes
equilibria for them, and makes its decisions according
to these equilibria.

At each step i, the algorithm considers a particular
non-atomic congestion game with a unit amount of
flow that has to be routed from a source node to a
destination node which are connected with m parallel
links. Each link j corresponds to machine j of the load
balancing instance and has an appropriately defined
non-decreasing latency function fij . Algorithm Balance
computes an ε-approximate Wardrop equilibrium with
ε = αp(2p−1)

m , i.e., a flow vector xi such that for any
two links j, j′ ∈ [m] with xij > 0, it holds that
fij(xij)− fij′(xij′) ≤ ε. This also yields

∑

j

xijfij(xij)− ε ≤ fij′(xij′)(4.5)

for any link j′ ∈ [m].
In order to define the latency functions on the links,

the algorithm keeps track of auxiliary functions gijt for
i ∈ [n], ∈ [m], and t = 0, 1, ..., p defined as follows.
At the first step, the algorithm sets g1jt(z) = zwt

ij if
t > 0, and g1j0(z) = 1 for any j ∈ [m] and z ≥ 0.
For i > 1, during step i, the algorithm defines the
auxiliary functions gijt for j ∈ [m] and t = 0, ..., p using
the auxiliary functions defined in the previous step, the
vector of probabilities xi−1 computed at the previous
step, and the load of job i on the machines, as follows:

gijt(z) = z

t−1∑
s=0

(
t
s

)
gi−1,js(xi−1,j)wt−s

ij

+gi−1,jt(xi−1,j)

Although complicated at first glance, the auxiliary func-
tions have been defined in such a way that gijt(xij) =
IE[Λt

ij ]. This is stated in the following lemma together
with other properties of the auxiliary functions gijt that
will be useful in our analysis.

Lemma 4.1. For any i > 0, j ∈ [m], and t =
0, ..., p, the following properties hold:
1. gijt(z) = z(gijt(1)−gijt(0))+gijt(0), for any z ≥ 0.

2. gijt(1) =
∑t

s=0

(
t
s

)
gijs(0)wt−s

ij .

3. gijt(xij) = IE[Λt
ij ] ≤ IE[Λt

nj ].

4. (gijt(z))u − (gijt(0))u ≤ uz (gijt(z))u−1 (gijt(1) −
gijt(0)), for any u ≥ 1 and z ≥ 0.

Proof. Properties 1 and 2 follow trivially by the
definition of gijt.

The inequality in Property 3 is obvious. In order to
prove the equality in Property 3, we will use induction
on i. For i = 1, if t = 0, we have IE[Λ0

1j ] = 1 = g1j0(x1j)
by definition. Also, if t > 0, then Λt

1j is wt
1j with

probability x1j and 0 with probability 1 − xij , i.e.,
IE[Λt

1j ] = x1jw
t
1j = g1jt(x1j) by definition. Now assume

that IE[Λt
i′j ] = gi′jt(xi′j) for any i′ < i and t = 0, ..., p.

Then, the random variable Λt
ij equals (Λi−1,j + wij)

t

with probability xij and Λt
i−1,j with probability 1−xij .

Hence, using linearity of expectation, the inductive
hypothesis, and the definition of auxiliary function gijt,
we have

IE[Λt
ij ] = IE

[
xij (Λi−1,j + wij)

t + (1− xij)Λt
i−1,j

]

= IE

[
xij

t−1∑
s=0

(
t
s

)
Λs

i−1,jw
t−s
ij + Λt

i−1,j

]

= xij

t−1∑
s=0

(
t
s

)
IE[Λs

i−1,j ]w
t−s
ij + IE[Λt

i−1,j ]

= xij

t−1∑
s=0

(
t
s

)
gi−1,js(xi−1,j)wt−s

ij

+gi−1,jt(xi−1,j)
= gijt(xij).

Property 4 clear holds if z = 0 or if gijt is a constant
function. In order to prove it for z > 0 and when it is
not constant, consider the function h(z1) = (z1 + c)u

for some non-negative constant c. Since h is convex in
[0, +∞) for u ≥ 1, its derivative at point z2 > 0 is
not smaller than the slope of the line crossing points
(0, h(0)) and (z2, h(z2)), i.e., h(z2)−h(0)

z2
≤ u(z2 + c)u−1

which yields h(z2) − h(0) ≤ u(z2 + c)u−1z2. Property
4 then follows by setting z2 = z(gijt(1) − gijt(0)) and
c = gijt(0) since (by Property 1) h(z2) = z(gijt(1) −
gijt(0)) + gijt(0) = gijt(z).

The latency function associated with link j is de-
fined as

fij(z) =
p∑

t=1

pαt

t
(gijt(z))p/t−1

t−1∑
s=0

(
t
s

)
gijs(z)wt−s

ij .

This completes the description of the algorithm.
So far, it should have become clear that the algorithm
does not use the outcome of previous random choices
in order to make decisions at any step. Instead, it
uses the moments of the random variables denoting the
load on each machine which in turn depend only on
the probability distribution of previous random choices.
This nice property makes the analysis of the algorithm



tractable. We are now ready to prove the following
statement which characterizes the competitiveness of
algorithm Balance in terms of p and the parameter
vector α.

Lemma 4.2. Let p ≥ 2 be an integer. If there exist
positive numbers ξt > 0 for t = 0, ..., p such that the
values of vector α satisfy

αt
p− t

t
ξ−t
t

t−1∑
s=0

(
t
s

)
ξs
s(4.6)

+
p∑

κ=t+1

ακ

(
κ− 1
t− 1

)
ξp−κ
κ ξt−p

t ≤ αt

for t = 1, ..., p − 1, then algorithm (α, p)-Balance is
(β/αp)

1/p-competitive against oblivious adversaries for
load balancing on unrelated machines under the Lp

norm, where

β =
p∑

t=1

αtξ
p−t
t

t−1∑
s=0

(
t− 1

s

)
ξs
s .

Proof. We wish to show that the expectation of

the random variable X =
(∑

j Λp
nj

)1/p

is at most
(

β
αp

∑
j `∗pj

)1/p

. By Hölder inequality on expecta-
tions of non-negative random variables, we have that
IE[X] ≤ IE[Xp]1/p and, hence, it suffices to show that

IE
[∑

j Λp
nj

]1/p

≤
(

β
αp

∑
j `∗pj

)1/p

.
By linearity of expectation, we have

αpIE


∑

j

Λp
nj


 = αp

∑

j

IE
[
Λp

nj

]
(4.7)

=
∑

j

p∑
t=1

αtIE
[
Λt

nj

]p/t

−
∑

j

p−1∑
t=1

αtIE
[
Λt

nj

]p/t
.

We will work on the first sum at the right-hand side of
(4.7). Using the properties of functions gijt, we obtain

∑

j

p∑
t=1

αtIE
[
Λt

nj

]p/t(4.8)

=
n∑

i=1

∑

j

p∑
t=1

αt

(
IE

[
Λt

ij

]p/t − IE
[
Λt

i−1,j

]p/t
)

=
n∑

i=1

∑

j

p∑
t=1

αt

(
(gijt(xij))

p/t − (gijt(0))p/t
)
.

Next we use a technical lemma which follows by the
definition of function fij and the properties of functions
gijt.

Lemma 4.3. At each step i ∈ [n] and for each
machine j ∈ [m], it holds that

p∑
t=1

αt

(
(gijt(xij))

p/t − (gijt(0))p/t
)

≤ xijfij(xij)− x2
ijαp(2p − 1).

Proof. We use the properties 1, 2, and 4 of functions
gijt from Lemma 4.1 to obtain

p∑
t=1

αt

(
(gijt(xij))

p/t − (gijt(0))p/t
)

≤ xij

p∑
t=1

αt
p

t
(gijt(xij))

p/t−1 (gijt(1)− gijt(0))

= xij

p∑
t=1

αt
p

t
(gijt(xij))

p/t−1
t−1∑
s=0

(
t
s

)
gijs(0)wt−s

ij

= xij

p∑
t=1

αt
p

t
(gijt(xij))

p/t−1
t−1∑
s=0

(
t
s

)
gijs(xij)wt−s

ij

−xij

p∑
t=1

αt
p

t
(gijt(xij))

p/t−1

·
t−1∑
s=0

(
t
s

)
(gijs(xij)− gijs(0)) wt−s

ij

= xijfij(xij)− x2
ij

p∑
t=1

αt
p

t
(gijt(xij))

p/t−1

·
t−1∑
s=0

(
t
s

)
wt−s

ij (gijs(1)− gijs(0))

= xijfij(xij)− x2
ij

p∑
t=1

αt
p

t
(gijt(xij))

p/t−1

·
t−1∑
s=0

(
t
s

) s−1∑
u=0

(
s
u

)
giju(0)wt−u

ij

≤ xijfij(xij)− x2
ijαp

p−1∑
s=0

(
t
s

)
gij0(0)wt

ij

≤ xijfij(xij)− x2
ijαp(2p − 1).

The last inequality follows since gij0(0) = 1 and wij ≥ 1.

Now, working with (4.8) and using Lemma 4.3 and
the inequality

∑
j x2

ij ≥ 1/m since
∑

j xij = 1, we
obtain

∑

j

p∑
t=1

αtIE
[
Λt

nj

]p/t(4.9)



≤
n∑

i=1


∑

j

xijfij(xij)− αp(2p − 1)
∑

j

x2
ij




≤
n∑

i=1


∑

j

xijfij(xij)− αp(2p − 1)
m


.

Since the flow vector xi is an αp(2p−1)
m -approximate

Wardrop equilibrium for the congestion game consid-
ered at step i, we use (4.5) and (4.9) to obtain a rela-
tion of the left-hand side of (4.9) to the decisions in the
optimal assignment, i.e.,

∑

j

p∑
t=1

αtIE
[
Λt

nj

]p/t ≤
n∑

i=1

∑

j

yijfij(xij).

By substituting fij , using the property gijt(xij) ≤
IE[Λt

nj ] for any i ∈ [n], j ∈ [m], and t = 0, ..., p, and
since

∑n
i=1 yijw

t
ij ≤ `∗tj for any j ∈ [m] and t ∈ [p], we

obtain a more clear relation to the optimal assignment:

∑

j

p∑
t=1

αtIE
[
Λt

nj

]p/t(4.10)

≤
n∑

i=1

∑

j

p∑
t=1

t−1∑
s=0

pαt

t

(
t
s

)
(gijt(xij))

p/t−1

·gijt(xij)yijw
t−s
ij

≤
n∑

i=1

∑

j

p∑
t=1

t−1∑
s=0

pαt

t

(
t
s

)
IE

[
Λt

nj

]p/t−1 IE
[
Λs

nj

]

·yijw
t−s
ij

=
∑

j

p∑
t=1

t−1∑
s=0

pαt

t

(
t
s

)
IE

[
Λt

nj

]p/t−1 IE
[
Λs

nj

]

·
n∑

i=1

yijw
t−s
ij

≤
∑

j

p∑
t=1

t−1∑
s=0

pαt

t

(
t
s

)
IE

[
Λt

nj

]p/t−1 IE
[
Λs

nj

]
`∗t−s
j .

In order to upper-bound the right-hand side of
(4.10), we will use the following technical lemma.

Lemma 4.4. Let γ, δ be non-negative integers such
that γ + δ ≤ p and ζ1, ζ2 > 0. Then,

zγ
1 zδ

2z
p−γ−δ
3 ≤ γ

p
ζγ−p
1 ζδ

2zp
1 +

δ

p
ζγ
1 ζδ−p

2 zp
2(4.11)

+
(

1− γ + δ

p

)
ζγ
1 ζδ

2zp
3

for any z1, z2, z3 ≥ 0.

Given ζ1 and ζ2, what Lemma 4.4 essentially does is
to bound the left-hand side of (4.11) with a polynomial
of the form c1z

p
1 + c2z

p
2 + c3z

p
3 so that the bound is

tight when z1 = ζ1 and z2 = ζ2. We apply Lemma
4.4 to each term at the right-hand side of (4.10). In
particular, applying Lemma 4.4 with z1 = IE

[
Λt

nj

]1/t,

z2 = IE
[
Λs

nj

]1/s, z3 = `∗j , ζ1 = ξt, ζ2 = ξs, γ = p − t,
and δ = s, we obtain

IE
[
Λt

nj

]p/t−1 IE
[
Λs

nj

]
`∗t−s
j ≤ p− t

p
ξ−t
t ξs

sIE
[
Λt

nj

]p/t

+
s

p
ξp−t
t ξs−p

s IE
[
Λs

nj

]p/s

+
t− s

p
ξp−t
t ξs

s`
∗p
j

and, hence, (4.10) yields

∑
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p∑
t=1

αtIE
[
Λt

nj

]p/t

≤
∑
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p∑
t=1

t−1∑
s=0
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t

(
t
s

) (
(p− t)ξ−t

t ξs
sIE

[
Λt

nj

]p/t

+sξp−t
t ξs−p

s IE
[
Λs

nj

]p/s + (t− s)ξp−t
t ξs

s`
∗p
j

)

=
∑

j

p−1∑
t=1

(
αt

p− t

t
ξ−t
t

t−1∑
s=0

(
t
s

)
ξs
s

+
p∑

κ=t+1

ακ

(
κ− 1
t− 1

)
ξp−κ
κ ξt−p

t

)
IE

[
Λt

nj

]p/t

+
∑

j

p∑
t=1

αtξ
p−t
t

t−1∑
s=0

(
t− 1

s

)
ξs
s`
∗p
j

≤
∑

j

p−1∑
t=1

αtIE
[
Λt

nj

]p/t + β
∑

j

`∗pj

where the last inequality follows by (4.6) and by the
definition of β. Hence, (4.7) yields IE

[∑
j Λp

nj

]
≤

β
αp

∑
j `∗pj and Lemma 4.2 follows.

By applying Lemma 4.2, we can easily obtain the
following result for the L2 norm.

Corollary 4.1. Algorithm (α, 2)-Balance with
α1 = α2 = 1 is

√
5-competitive against oblivious adver-

saries for load balancing on unrelated machines under
the L2 norm.

Proof. Applying Lemma 4.2 with ξ0 = ξ1 = ξ2 = 2,
we have that inequality (4.6) is satisfied and β = 5.

For larger norms, computing the best possible val-
ues for vector α so that there exist positive ξt’s that



satisfy the conditions (4.6) of Lemma 4.2 and simulta-
neously minimize β is not easy since these conditions
are quite complicated. So, in order to compute good
values for the parameters of algorithm Balance, we rea-
son as follows. We will denote by α̂ the corresponding
parameter vector. First, we normalize vector α̂ by set-
ting α̂p = 1. We guess appropriate values ξ̂t for ξt’s
and require that the conditions (4.6) of Lemma 4.2 are
satisfied with equality. This yields a system of p−1 lin-
ear equations in which the α̂t’s (for t = 1, ..., p− 1) are
the unknowns and which can be represented as Aα̂ = b
where A is an upper triangular (p− 1)× (p− 1) matrix
with

At,t = 1− p− t

t
ξ̂−t
t

t−1∑
s=0

(
t
s

)
ξ̂s
s

for t = 1, ..., p − 1, At,κ = 0 for t = 1, ..., p − 1 and
κ = 1, ..., t− 1, and

At,κ = −
(

κ− 1
t− 1

)
ξ̂p−κ
κ ξ̂t−p

t

for t = 1, ..., p − 1 and κ = t + 1, ..., p − 1, and
bt = (p − 1)ξ̂t−p

t for t = 1, ..., p − 1. Of course,
we must guess the ξ̂t’s so that this system of linear
equations yields positive values for the parameters α̂t.
The following lemma (its proof is omitted) provides a
sufficient condition for this.

Lemma 4.5. If ξ̂t is increasing in t, and ξ̂1 ≥ p,
then the system of linear equations Aα̂ = b has a unique
positive solution.

We have used ξ̂t = p + 0.229(t − 1) and have
solved the corresponding systems of linear equations
for integral values of p up to 137 by implementing a
simple back substitution routine in C. The limitation
on p comes from the range of numbers the double data
type of C can represent. Our results suggest that, for
the particular selection of the parameter vector α̂, the
competitive ratio of algorithm (α̂, p)-Balance is always
better than the lower bound for deterministic online
algorithms and at most 1.222p. As a corollary, using
Lemma 2.1, we obtain improved competitiveness for
online makespan minimization as well when the number
of machines is up to an astronomically large constant.
The next statement summarizes the discussion of this
section.

Theorem 4.1. Algorithm (α̂, p)-Balance has com-
petitive ratio at most 1.222p against oblivious adver-
saries for load balancing under the Lp norm for integral
p ≤ 137. Algorithm (α̂, dln me)-Balance has competi-
tive ratio at most 1.222edln me ≤ 2.304 log m + 3.324
against oblivious adversaries for makespan minimiza-
tion on m ≤ e137 unrelated machines.

5 Extensions and open problems

Our load balancing algorithms for Lp norms can be
adapted to work with similar competitiveness (by mak-
ing the analysis slightly more complicated) in network
routing when the objective is to minimize the total la-
tency or the maximum latency per link and the delay
functions on the network links are polynomial; the adap-
tations include approximating the Wardrop equilibrium
of more general non-atomic congestion games in net-
works.

Concerning open problems, there are still many.
First, it would be interesting to theoretically prove up-
per bounds on the competitiveness of algorithm Balance
for any value of p. We conjecture that these bounds
will be only marginally larger than those computed in
Section 4. Furthermore, the question about the lim-
its of randomization for online load balancing under
the Lp norm is very interesting even for the L2 norm.
Finally, although we have made some progress on on-
line makespan minimization on unrelated machines, the
gaps between our upper bounds and the lower bounds
of [9] remain. For this problem, it is even widely open
whether randomization is really necessary in order to
obtain the best possible competitiveness.

Our results in Section 4 suggest that game equilibria
can be useful in online combinatorial optimization. We
plan to investigate this relation more systematically in
the future by considering different online problems.
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