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Abstract� Algorithms for the all�pairs min�cut problem in bounded
tree�width and sparse networks are presented� The approach used is to
preprocess the input network so that� afterwards� the value of a min�cut
between any two vertices can be e�ciently computed� A tradeo
 be�
tween the preprocessing time and the time taken to compute min�cuts
subsequently is shown� In particular� after O�n log n� preprocessing of a
bounded tree�width network� it is possible to �nd the value of a min�cut
between any two vertices in constant time� This implies that for such net�
works the all�pairs min�cut problem can be solved in time O�n��� This
algorithm is used in conjunction with a graph decomposition technique
of Frederickson to obtain algorithms for sparse networks� The running
times depend upon a topological property � of the input network� The pa�
rameter � varies between � and ��n�� the algorithms perform well when
� � o�n�� The value of a min�cut can be found in time O�n � �� log ��
and all�pairs min�cut can be solved in time O�n� � �� log ���

� Introduction

Network �ows are of fundamental importance in computer science� engineering
and operations research� to name a few areas� The textbook 	
� is an exhaustive
reference on the subject� A central problem in network �ows is that of computing
an s�tmin�cut�We are given a directed graph �called a network� with nonnegative
capacities edges� and two distinguished vertices s and t� An s�t cut in this graph
is a partition of the vertices into two parts� one containing s and the other
containing t� The capacity of the cut is the sum of the capacities of the edges
going from the part containing s to the part containing t� An s�t min�cut is a
cut of minimum capacity among all s�t cuts�

An s�t �ow in a network is an assignment of a value less than the capacity to
each edge such that the net �ow out of each node except s and t is zero� where
the net �ow out of a node is the sum of �ows on edges leaving the node minus
the sum of �ows on edges entering the node� It follows that the net �ows out of
s and t sum to zero� An s�t max��ow is a �ow that maximizes the net �ow out
of s� which is called the value of s�t max��ow� The max��ow min�cut theorem
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� states that the capacity of an s�t min�cut in a network is equal to the value
of an s�t max��ow�

In this paper� we are concerned with the all�pairs min�cut problem �APMC
problem� for brevity�� The problem is to compute the value of an s�t min�cut
for each pair of vertices s� t in the network� Since the value of an s�t min�cut
can be computed by solving an s�t max��ow problem� the naive solution to the
APMC problem solves n�n�
� max��ow problems on n�vertex networks� It was
shown by Gomory and Hu 	
�� that in undirected networks� the APMC problem
can be solved by solving n� 
 well�chosen max��ow problems� Thus the APMC
problem on undirected network takes O��n � 
�F �n�m�� time �F �n�m� is the
time required to solve a max��ow problem on an n�vertex� m�edge network�� For
directed networks� the method of Gomory and Hu does not apply and nothing
better than the naive solution �taking O�n�F �n�m�� time� is known�

The time taken to compute a max��ow when nothing is known about the
structure of the network is O�minfn�� logn� nm logng� 	�� 

�� However� one
can do better when the structure of the input network is known� Recently� it
was shown that the max��ow problem in directed or undirected bounded tree�
width networks can be solved in O�n� time 	
��� The tree�width is a parameter
that� intuitively� indicates how close the structure of the network is to a tree �see
Section ��� for a formal de�nition�� The class of bounded tree�width networks
includes �among others� outerplanar networks� series�parallel networks� networks
with bounded bandwidth or cutwidth 	�� 
�� Thus giving better algorithms for
this class of networks is an important step in the development of better algo�
rithms for sparse networks� i�e� networks with O�n� edges� For sparse networks�
in general� the best max��ow algorithm runs in time O�n� logn�� For the APMC
problem in the undirected case� substituting the values of F �n�m� yields running
times of O�n� logn� for sparse networks and O�n�� for bounded tree�width net�
works� For directed networks� the corresponding running times are O�n� logn�
and O�n�� respectively� From now on� we consider only directed networks�

The starting point of this paper is a new algorithm for the APMC problem
in bounded tree�width networks that runs in O�n�� time� improving upon the
previous algorithm for directed networks by a factor of n� The approach used is
completely di�erent from previous approaches� Instead of computing a number
of separate max��ows from scratch� our approach is to preprocess the network
so that� subsequently� the value of an s�t max��ow can be e�ciently computed
for any pair of vertices s and t� We show a tradeo� between the amount of
preprocessing required and the time required to compute the value of an s�t
max��ow subsequently� The tradeo� is� after O�nIk�n�� preprocessing� the value
of an s�t max��ow can be computed in O�k� time� for each integer k � 
� The
function Ik�n�� de�ned formally in Section ���� decreases rapidly as k increases�
for example� I��n� � dlogne and I��n� � log� n� If the preprocessing is restricted
to O�n�� then the value of an s�t max��ow can be computed in O���n�� time
�where ��n� is the inverse�Ackermann function� see Section �����

We use the algorithm for bounded tree�width networks to develop an algo�
rithm for sparse networks� based on a decomposition of a sparse network into



networks of bounded tree�width� Frederickson 	
�� showed how to decompose a
sparse graph into a number of edge�disjoint outerplanar subgraphs� called ham�
mocks� each of which is connected with the rest of the graph via at most �
vertices� �An outerplanar graph has tree�width ��� The number of hammocks
obtained� �� depends on the topological properties of the graph and varies be�
tween 
 and ��n�� We give an algorithm that computes an s�t max �ow in a
sparse network in time O�n � �� log ��� Thus this algorithm is always competi�
tive with the O�n� logn��time algorithm in 	

� and does better if � � o�n�� We
also show how to solve the APMC problem in time O�n�� �� log�� on a sparse
network�

The above algorithms output the value of of a max��ow or min�cut� In case
the actual min�cut is desired� we show how to output the edges crossing a min�
cut in time linear in the size of the output� Speci�cally� for bounded tree�width
networks� we show that� for each k � 
� after O�nIk�n�� preprocessing� the edges
crossing an s�t min�cut can be output in time O�k �L�� where L is the number
of edges crossing the cut� After O�n� preprocessing this can be done in time
O���n� � L��

Necessary and su�cient conditions �called external �ow inequalities� for real�
izable �ows in multi�terminal networks are derived in 	
��� An important lemma
in that paper shows how to combine the �ow inequalities of a number of subnet�
works to obtain a single set of �ow inequalities for the combined network� Their
proof uses linear programming� We give a simple and direct proof of the same
result and our proof avoids linear programming�

Our algorithms use the construction of a small network that �mimics� the
�ow behaviour of a large network� This idea was developed in 	
��� The structure
of the algorithms for bounded tree�width networks is derived from an algorithm
used to solve shortest path queries 	��� The hammock decomposition technique
has been used in shortest path problems �see e�g� 	
�� 
�� 
���� To our knowledge�
this paper is the �rst application of this technique to a di�erent problem�

� Preliminaries

��� Mimicking networks of multi�terminal networks

A network is a directed graph G � �V�E� with a nonnegative real capacity ce
associated with each edge e � E� The terminals of G are a distinguished subset�
Q� of its vertices� A �ow in G is an assignment of a nonnegative real value
fe not greater than ce to each edge e such that the net �ow out of each non�
terminal vertex is zero� where the net �ow out of a vertex is the sum of �ows
on edges leaving the vertex minus the sum of �ows on edges entering the vertex�
An external �ow x � �x�� � � � � xjQj� is an assignment of a real value xp to each
terminal p� A realizable external �ow is an external �ow such that there exists
a �ow in which the net �ow out of each terminal p is xp� A cut is de�ned by
a subset S of V � called its de�ning subset� The capacity of a cut is the sum of
capacities of edges going from vertices in S to vertices in V nS� For a subset R
of Q� an R�separating cut is a cut with de�ning subset S where Q � S � R�



In the special case of a network with two terminals s and t� an s�t max��ow
is a �ow that maximizes the value of the net �ow out of s� which is called the
value of the max��ow� An fsg�separating cut is called an s�t cut� The max��ow
min�cut theorem states that the value of an s�t max��ow is equal to the capacity
of an s�t min�cut� A direct consequence of this theorem is the following�

Corollary �� If f is an s�t �ow and C is an fsg�separating cut such that the
value of f equals the capacity of C� then f is an s�t max��ow and C is an s� t
min�cut�

Let G be a network with terminal set Q� Network M �G� with terminal set
Q� is a mimicking network for G if there exists a bijection between Q and Q�

such that every realizable external �ow in G is also realizable in M �G� and vice
versa� In 	
��� it is shown that for any G� there exists a mimicking network with
��

q

vertices� where q is the number of terminals of G� Henceforth� when we speak
of mimicking networks� we will require that they have no more than this many
vertices�

The mimicking network of 	
�� is constructed by �nding �q min�cuts in G�
namely� a minimumR�separating cut� for each R � Q� Those vertices of G that
are on the same side of all these cuts form equivalence classes� Induction on q
shows that there can be at most ��

q

equivalence classes� M �G� is constructed
by replacing each equivalence class with a single vertex� The edge between two
vertices of M �G� in a given direction has capacity equal to the sum of the
capacities of the edges inG between the corresponding equivalence classes� taking
direction into account� For a given R � Q� a minimum R�separating cut is
computed by the standard method of introducing a new source� connected to
each vertex in R with in�nite capacity edges� and a new sink to which each vertex
in QnR is similarly connected� and computing a max��ow from the source to the
sink� Thus we have the following result�

Proposition�� A mimicking network of a network G with q terminals can be
computed in O��qF �G�� time� where F �G� is the time required to compute a
max��ow in G�

Suppose we are given the mimicking networks of a number of networks� A
number of pairs are speci�ed� each pair consisting of two terminals belonging to
di�erent networks� We are asked to combine the di�erent networks by identifying
the speci�ed pairs of terminals� Finally� we are given a subset of all the terminals�
and asked to �nd the mimicking network of the combined network at this new
set of terminals� Note that in the combined network� the set of terminals of each
subnetwork is an attachment set for that subnetwork� where an attachment set
for a subnetwork is a set of vertices whose deletion disconnects the subnetwork
from the rest of the network� Using Proposition � and computing max��ows
with an O�n�� algorithm �see e�g� 	
��� we can show the the following �which is
a reformulation of the result in 	
����



Lemma�� Let G � G� � � � ��Gm� where the Gi�s are edge disjoint� and let Gi

have attachment set Ci� Given the mimicking networks M �Gi� for each Gi at
terminals Qi satisfying Ci � Qi� and a set Q � �mi��Qi� we can compute the
mimicking network M �G� for G at terminals Q in time O��q � �

Pm

i�� �
�qi ����

where qi � jQij and q � jQj�

��� Tree�width

A tree decomposition of a �directed or undirected� graph G � �V �G�� E�G�� is a
pair �X�T �� where T � �V �T �� E�T �� is a tree and X is a family fXi � i � V �T �g
of subsets of V �G� that cover V �G�� and the following conditions hold�

� �edge mapping� ��v� w� � E�G�� there exists an i � V �T � with v � Xi and
w � Xi�

� �continuity� �i� j� k � V �T �� if j lies on the path from i to k in T � then
Xi �Xk � Xj � or equivalently� �v � V �G�� the nodes fi � V �T � � v � Xig
induce a connected subtree of T �

The width of the tree decomposition is maxi�V �T � jXij � 
� The tree�width of
G is the minimumwidth over all possible tree decompositions of G�

Bodlaender 	�� gave a linear�time algorithm to compute a constant width tree
decomposition of a graph with constant tree�width� In 	�� a linear�time algorithm
is given to convert a tree decomposition of �constant� width t into another one of
tree�width �t� �� in which the tree is binary� We call such a tree decomposition
a binary tree decomposition�

Let G be an n�vertex graph of constant tree�width and let �X�T � be its tree
decomposition of constant width� The edge mapping condition ensures that the
endpoints of each edge in G appear together in some set Xi � X� belonging
to vertex i of T � Thus� in a sense� each edge is represented in at least one
vertex of T � For our applications� we need to explicitly associate each edge of
G with exactly one vertex of T � We will� therefore� compute an augmenting
function h � E�G� �	 V �T �� satisfying the property that both endpoints of an
edge are present in the set belonging to the vertex that the edge is mapped
to by h� More precisely� ��v� w� � E�G�� fv� wg � Xh��v�w��� Any augmenting
function will su�ce for our applications� It is easy to compute one such function�
by doing a traversal of T and assigning h��v� w�� � i for each i � V �T �� if
fv� wg � Xi� �v� w� � E�G� and h��v� w�� has not yet been assigned a value�
This takes time proportional to

P
i�V �T � jXij�� which is O�n�� since the tree

decomposition is of constant width� The resulting tree decomposition with the
values h��v� w��� ��v� w� � E�G�� is called an augmented tree decomposition� The
discussion above is summarized�

Proposition�� Given an n�vertex graph G of constant tree�width t� in O�n�
time we can compute an augmented binary tree decomposition of G of width
O�t��



��� Tree products

For a function g let g����n� � g�n�� g�i��n� � g�g�i����n��� i � 
� De�ne I��n� �

dn
� e and Ik�n� � minfj j I�j�k���n� 
 
g� k � 
� The functions Ik�n� decrease

rapidly as k increases� in particular� I��n� � dlogne and I��n� � log� n� De�ne
��n� � minfj j Ij�n� 
 jg�

The following theorem was proved in 	�� ���

Theorem�� Let � be an associative operator de�ned on a set S� such that for
q� r � S� q � r can be computed in constant time� Let T be a tree with n nodes
such that each edge is labeled with an element from S� Then� 	i
 for each integer
k � 
� after O�nIk�n�� preprocessing� the composition of labels along any path
in the tree can be computed in O�k� time� and 	ii
 after O�n� preprocessing� the
composition of labels along any path in the tree can be computed in O���n�� time�

� Bounded tree�width networks

Let G be a network of bounded tree�width and �X�T � its augmented binary
tree decomposition� For a subtree T � of T � we de�ne the subgraph G� spanned
by T �� as follows� The vertices of G� are the vertices in the sets associated with
the vertices of T �� i�e� V �G�� � �i�V �T ��Xi� The edges of G� are those edges
that the augmenting function maps to vertices in T �� i�e� E�G�� � fe � E�G� �
h�e� � V �T ��g� It is easy to check that vertex�disjoint subtrees span edge�disjoint
subgraphs� �In fact it is only to ensure this property that we introduce the
augmenting function��

For i� j � V �T � let path�i� j� denote the unique path from i to j in T � Deleting
the �rst and last edges on this path breaks up T into three components Ti� Tj �
the ones containing i and j respectively� and the remaining component Tij� If
path�i� j� is an edge� then the �rst and last edges on the path are the same�
consequently� the component Tij is empty� The vertices in Tij that are adjacent
to i and j are denoted ni and nj respectively�

De�ne a set U � fPij � �Mi�Mj�Mij� � �i� j � V �T �� i �� jg� where Mi

and Mj are the mimicking networks for the subgraphs spanned by Ti and Tj
at terminals Xi and Xj respectively� and Mij is the mimicking network for the
subgraph spanned by Tij at terminals Xni � Xnj � If Tij is empty� then Mij is
empty�

De�ne the following operator � on U � For i� j� k � V �T �� Pij�Pjk � Pik� if the
tree path from i to k includes the vertex j� and Pij �Pjk � 
 otherwise� It follows
easily from the de�nition that � is associative� If i� j� k� l are vertices �appearing
in that order� on a simple path in T � then �Pij � Pjk� � Pkl � Pik � Pkl � Pil
and Pij � �Pjk � Pkl� � Pij � Pjl � Pil� If i� j� k� l are not on a simple path
in T � then �Pij � Pjk� � Pkl � Pij � �Pjk � Pkl� � 
� In general� the product
Pi�i� � Pi�i� � � � � Pim��im � Pi�im i� i�� � � � � im is a path in T �

Suppose we have computed Pab for every a and b such that �a� b� is an edge in
T � Then the operator � can be implemented by combining networks as follows�



Suppose the path from i to k passes through vertex j and we wish to compute
Pik � Pij � Pjk� given Pij and Pjk� Then� since T is binary� j has at most one
neighbour x apart from its neighbours on the path from i to k� Let Tx be the
component of T containing x� obtained by deleting edge �j� x�� Let ni and nk be
the neighbours of i and k on the path from i to k� �See Figure 
��
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Fig� �� Computation of Pij�

The value Pik consists of the three mimicking networks Mi� Mk and Mik� for
the subgraphs spanned by Ti� Tk and Tik respectively� The former two are already
available as part of the values Pij and Pjk� Hence we need to compute only Mik�
The component Tik is the union of components Tij � Tjk� Tx� and vertex j� which
are pairwise vertex�disjoint� By supposition� we have the mimicking network for
the subgraph spanned by Tx� as part of the value Pjx� The mimicking networks
for the subgraphs spanned by Tij and Tjk are available in the values Pij and
Pjk� The mimicking network for the subgraph spanned by j can be computed
using Proposition �� �From the continuity property of tree decompositions� it
follows that the set of terminals for each of the subgraphs is an attachment set
for the subgraph and that the �nal set of terminals desired� namely Xni �Xnk �
is a subset of all the terminals� Combining the above mimicking networks using
Lemma � yields Mik� Since the total number of terminals is constant� we have
the following result�

Lemma	� Let G be a network and let �X�T � be its augmented binary tree de�
composition of constant width� Given Pab� ��a� b� � E�T �� and Pij� Pjk for some
i� j� k � V �T �� Pij � Pjk can be computed in constant time�

We now show how to compute Pij for each edge �i� j� in T � Root T at any
vertex� For a vertex i� let Si be the subtree rooted at i� Consider an edge �i� j�
such that i is a child of j� Then Pij consists of two values Mi and Mj � where
Mi is the mimicking network for the subgraph spanned by Si� with terminals



Xi� and Mj is the mimicking network for the subgraph spanned by TnSi� with
terminals Xj � We compute Pij in two phases� In the �rst phase we compute Mi

for each edge �i� j� with i a child of j� In the second phase� we compute Mj for
each such edge�

During the �rst phase� suppose we are at an edge �i� j�� with i a child of j�
Suppose also that we have computed the mimicking network Ml and Mr for the
�at most� two edges connecting i to its children� Then� to obtainMi� use Lemma
� to combine the mimicking networks Ml� Mr and the mimicking network for
the subgraph spanned by i� retaining the terminals Xi� A postorder traversal of
T with this operation performed at each edge completes the �rst phase�

During the second phase� suppose we are at edge �i� j�� with i a child of j� Let
p and c be the parent of j and the sibling of i respectively �if they exist�� Suppose
we have already computedMp� the mimicking network for the subgraph spanned
by TnSj � In the �rst phase� we have computedMc� the mimicking network for the
subgraph spanned by the subtree rooted at c� Then� use Lemma � to combine
Mp�Mc and the mimicking network for the subgraph spanned by j� retaining
terminals Xj � This yields Mj � the mimicking network for the subgraph spanned
by TnSi� A preorder traversal of T with this operation performed at each edge
completes the second phase�

Each time Lemma � is invoked� it combines a constant number of networks�
each with a constant number of terminals� hence taking constant time� Since the
lemma is invoked twice for each edge� we have proved the following result�

Lemma
� Let G be an n�vertex network and let �X�T � be its augmented binary
tree decomposition of constant width� Then� in time O�n� we can compute Pab
for all edges �a� b� � E�T ��

We can now prove the main result of this section�

Lemma�� Let G be an n�vertex network and let �X�T � be its augmented binary
tree decomposition of constant width� For each integer k � 
� after O�nIk�n��
preprocessing� we can �nd the mimicking network for G at terminals Xi �Xj in
time O�k�� for any i� j � V �T �� Further� after O�n� preprocessing� we can �nd
these mimicking networks in time O���n���

Proof� For each edge �a� b� of T � compute Pab using Lemma �� Use Theorem �
to preprocess T � with the Pab values associated with its edges� so that queries
asking for the product of P values along paths in T can be answered� A query
for the product on the path from i to j returns the value Pij � �Mi�Mj �Mij��
Combine these three mimicking networks using Lemma �� with the desired set
of terminals being Xi �Xj� This yields the mimicking network for G with these
terminals�

Theorem�� Let G be an n�vertex network of constant tree�width� For each in�
teger k � 
� after O�nIk�n�� preprocessing� we can �nd the value of an s�t
max��ow in time O�k�� for each s� t � V �G�� Further� after O�n� preprocessing�
we can �nd the value of an s�t max��ow in time O���n���



Proof� First� compute a constant�width augmented binary tree decomposition
�X�T � of G using Proposition �� Preprocess G and �X�T � using Lemma ��

Let s � Xi and t � Xj � for some i� j � V �T �� A single query returns the
mimicking network for G at terminals Xi �Xj � Now simply compute the value
of an s�t max��ow in this mimicking network� Since the size of the mimicking
network is constant� the entire computation after the query takes constant time�
implying the time bounds in the theorem�

In order to solve the APMC problem in a bounded tree�width network� simply
apply Theorem � with k � �� i�e� perform O�n logn� preprocessing so that an
s�t max��ow can be computed in constant time� Thus the APMC problem can
be solved by querying for s�t max��ows� for each pair s� t in the network� This
proves the following result�

Corollary�
� The all�pairs min�cut problem can be solved for bounded tree�
width networks in time O�n���

� Sparse networks

Frederickson 	
�� shows how to decompose a sparse graph G into � outerplanar
subgraphs �called hammocks�� each of which is connected to the rest of the graph
via at most � vertices� called attachment vertices� The parameter � is O�g � p�
where g is the genus of G and p is the minimum number of faces that cover all
vertices of G� over all possible cellular embeddings into an orientable surface of
genus g� Note that g�p is the minimumpossible number of hammocks in such a
decomposition� It is known that � can vary between 
 and ��n�� The algorithm
in 	
�� runs in linear time and does not require an embedding to be provided
with the input� In this section� we give algorithms whose running times depend
on �� and which perform well when � � o�n��

Let G be a sparse graph which is decomposed into hammocks H�� � � � �H��
Let Ai be the set of �at most �� attachment vertices of Hi� We now show how
to preprocess G so that max��ows can be e�ciently found� Preprocess each
hammock Hi as follows� First� �nd an augmented binary tree decomposition
�X�� T � ofHi� of constant width �outerplanar graphs have tree�width ��� Replace
each set of X �

j � X � by Xj � X�
j � Ai� i�e� add the attachment vertices to each

set� Let X be the collection of sets so obtained� Then �X�T � is also an augmented
binary tree decomposition of Hi of constant width� We will work with this new
tree decomposition� Use Lemma � to preprocess Hi in O�jHij� time� so that for
each edge �a� b� � T � the mimicking network for Hi at terminals Xa �Xb can be
found using a single query�

Now� �i� the mimicking network for Hi at terminals Ai can be found in
constant time� and �ii� for any s� t � V �Hi� the mimicking network for Hi at
terminals fs� tg�Ai can be found in time O���n��� The �rst claim follows from
the fact that the values Pab� for each edge �a� b� � T � are computed during
preprocessing� Pab � �Ma�Mb� 
�� where Ma andMb are the mimicking networks
for the subgraphs ofHi spanned by the two components of T obtained by deleting



edge �a� b�� Recall that Ai � Xa and Ai � Xb� Combining Ma and Mb and
retaining terminals Ai yields the desired mimicking networks� The second claim
follows by selecting c� d � V �T � such that s � Xc� t � Xd� applying Lemma �
and retaining the desired terminals�

We can now �nd the value of an s�t max��ow as follows� Let s � V �Hi� and
t � V �Hj�� De�ne Gij to be the network obtained by replacing each hammock
Hk� k �� fi� jg� by its �constant size� mimicking network at terminals Ak and
deleting Hi and Hj except their attachment vertices� The terminals of Gij are
Ai�Aj� Note thatGij has O��� vertices and edges and can be constructed in time
O���� since each mimickingnetwork can be found in constant time� Construct Gij

and �nd the mimicking network for Gij at terminals Ai �Aj using Proposition
�� Find the mimicking network for Hi at terminals fsg�Ai and Hj at terminals
ftg�Aj in time O���n��� as described above� �If i � j� then �nd the mimicking
network for Hi at terminals fs� tg � Ai�� Combining these networks yields the
mimicking network for G at terminals fs� tg � Ai � Aj � Now the value of s�t
max��ow can be found using the method described in the proof of Theorem ��
To estimate the time complexity� once the hammocks have been preprocessed
and the mimicking networks for Gij found� the remaining computation takes
constant time� Preprocessing the hammocks takes O�n� time and �nding the
mimicking network for Gij takes O��� log �� time� when we apply Proposition
� with a max��ow algorithm �see e�g� 	
�� for which F �G� � O�nm logn� on an
n�vertex� m�edge network G� We summarize the above discussion�

Theorem��� The value of an s�t max��ow in an n�vertex sparse network G
can be computed in time O�n� �� log ��� where � is the number of hammocks of
G�

To solve the APMC problem� preprocess the Hi�s using O�jHij � log jHij� time
so that the mimicking network for Hi at the appropriate terminals �as in �ii�
above� can be found in constant time� For each i� j � f
� �� � � � � �g� construct Gij

and �nd its mimicking network� Now for each s� t � V �G�� such that s � V �Hi�
and t � V �Hj�� �nd the mimicking network for Hi at terminals fsg �Ai and for
Hj at terminals ftg � Aj� �If i � j� then �nd the mimicking network for Hi at
terminals fs� tg � Ai�� Combine these mimicking networks with the mimicking
network for Gij and �nd the value of s�t max��ow� as before� Once the Hi�s have
been preprocessed and the mimicking networks for the Gij�s found� computing
an s�t max �ow takes constant time for each pair s� t� Hence� the following result
is proved�

Theorem��� The all�pairs min�cut problem for an n�vertex sparse network G
can be solved in O�n� � �� log �� time� where � is the number of hammocks of
G��

� Computing s�t min�cut in bounded tree�width networks

In this section we outline an extension of the methods in Sections ��
 and �
that allows us to output the edges crossing an s�t min�cut in time linear in the



number of edges in the cut�

The essential feature is the computation of supplementary information when
a mimicking network is computed� Let G be a network and let M �G� be its
mimicking network� as computed in Section ��
� In this construction� each vertex
of M �G� represents a subset of the vertices of G and each edge �u� v� of M �G�
represents a subset of the edges of G� namely� the edges between the subsets
of vertices of G represented by u and v� During the construction of M �G�� for
each edge e of M �G� we compute a value trace�e�� which is a list of the edges
of G that e represents� It is easily veri�ed that distinct edges of M �G� represent
disjoint subsets of edges of G�

For every mimicking network computed in Section � we will also compute
the trace information associated with their edges� For edges of the input graph�
the trace value of an edge is simply the edge itself� For reasons of e�ciency�
which will become clear later� we have one special condition� if an edge e of
M �G� represents a single edge e� of G� then trace�e� is de�ned to be the same as
trace�e��� In other words� instead of a singleton list containing e� trace�e� is the
same list as trace�e��� This condition ensures that except for edges of the original
input graph� the trace value of each edge is a list with at least two elements�
Regarding the elements in the trace value of an edge as the children of the edge�
we have that each edge e is the root of a tree de�ned by the trace values� whose
leaves are edges of the input graph� We call this tree the trace subtree of e� It
is not hard to see that the leaves of the trace subtree are exactly those edges of
of the input graph that e represents� Further� the condition above ensures that
every non�leaf vertex in the trace subtree has at least two children�

We now perform preprocessing as described in Lemma �� computing trace
information for each mimicking network constructed in the process� Suppose
we now wish to compute an s�t min�cut for some s� t� Then� as in the proof
of Theorem �� we compute a mimicking network M �G� of constant size� whose
terminals include s and t� for the input graph G� We compute an s�t min�cut
in M �G�� which corresponds to an s�t min�cut in G in the natural way� Each
edge crossing the cut in M �G� represents a subset of edges crossing the cut in
G� i�e� the leaves of the trace subtree of the edge� Any standard tree traversal
algorithm will output the leaves of the trace subtree in time linear in the size of
the tree� which is linear in the number of leaves� since each non�leaf vertex has
at least two children� Doing this for each edge crossing the cut in M �G� outputs
in linear time all the edges crossing the cut in G� This yields the following result�

Theorem��� Let G be an n�vertex network of constant tree�width� For each
integer k � 
� after O�nIk�n�� preprocessing� we can output the edges crossing
an s�t min�cut in time O�k � L�� where L is the number of edges crossing the
cut� Further� after O�n� preprocessing� we can output the edges crossing an s�t
min�cut in time O���n� � L��



� Characterization of �ows in multi�terminal networks

In 	
�� necessary and su�cient conditions are derived for an external �ow to be
realizable�

Lemma��� An external �ow �x�� � � � � xjQj� is realizable in a network G with
terminals Q i� 	i


P
p�Q xp � � and 	ii


P
r�R xr 
 bR� �R � Q� where bR is

the minimum capacity of an R�separating cut�

Thus the realizable external �ows of a network with q terminals can be char�
acterized by the above system of �q linear inequalities� where each inequality is
represented by the pair �R� bR�� A system of inequalities for a network G� of the
form as in Lemma 
�� is called the external �ow inequalities of G at terminals
Q�

Given a network G � �V�E� with terminals Q� it is possible to compute its
external �ow inequalities by following the method described in Section ��
 for
computing the capacities of minimumR�separating cuts in G� for every R � Q�
in time O��qF �G��� where q � jQj�

Using linear programming methods� it is shown in 	
�� how to combine the
external �ow inequalities of a number of networks� Here we give a simpler proof of
this result� our proof is based on the max��owmin�cut theorem �see Corollary 
�
and avoids linear programming� We note that the proof in 	
�� results in an
algorithm with running time exponential in the square of the total number of
terminals� whereas our proof results in a time that is exponential in twice the
total number of terminals�

Let G be the union of two edge�disjoint networks G� and G�� Observe that the
attachment sets for both networks are the same� Assume that the attachment set
is a subset of the terminals of both networks� Given the external �ow inequalities
of these two networks� we wish to �nd the external �ow inequalities of G at a
subset of all the terminals� We solve this problem in two steps� In the �rst step�
we �nd the external �ow inequalities at all the terminals� and in the second step
we drop some terminals�

We now �nd the capacity of a minimum R�separating cut� where R is a
subset of all the terminals� Let S and T be intersections of R with the terminals
of G� and G�� respectively� Further� let X and Y be the de�ning subsets of a
minimum S�separating cut in G� and a minimum T �separating cut in G�� Since
the attachment set is a subset of the terminals of both networks� observe that
the intersections of the attachment set with X and Y are equal� Hence X �Y is
a de�ning subset of an R�separating cut in G� Moreover� the capacity of this cut
is the sum of the capacities of the cuts de�ned by X and Y � because G� and G�

are edge�disjoint� On the other hand� by adding the corresponding max��ows in
G� and G�� we obtain a �ow from R to the rest of the terminals in G and the
value of this �ow is equal to the sum of the values of the two former �ows� We
have thus proved �by Corollary 
� that X �Y is a de�ning subset of a minimum
R�separating cut and that the capacity of this cut is equal to the sum of the
above two capacities� The latter two capacities are already available in the given



external �ow inequalities� Since this computation is done for each subset of all
the terminals� the time taken in this step is exponential in the total number of
terminals�

In the second step� we wish to drop some terminals and �nd the capacity of
a minimumP �separating cut� where P is a subset of the remaining terminals� A
subset R of all the terminals is said to be consistent with P if it contains every
terminal in P and doesn�t contain any other remaining terminal� For any such
R� observe that every R�separating cut is also a P �separating cut and hence the
capacity of a minimum P �separating cut is at most the capacity of a minimum
R�separating cut� On the other hand� the intersection of all the terminals with
the de�ning subset of a minimum P �separating cut is consistent with P � We
have thus proved that the capacity of a minimum P �separating cut is equal to
the minimum capacity of all R�separating cuts� where R is consistent with P �
In the �rst step� we have computed the latter capacities� Thus we can compute
the former capacity in time exponential in the total number of terminals� by
considering all possible consistent subsets� Since this computation is done for
all subsets of the remaining terminals� the time taken in this step is at most an
exponential in twice the total number of terminals�

The proof of the following lemma now comes by a simple induction on m�

Lemma��� Let G � G�� � � ��Gm� where the Gi�s are edge� disjoint� and let Ci

be the attachment set of Gi� Assume that Ci is a subset of the terminals Qi in
Gi� for all i� Given the external �ow inequalities for each Gi at terminals Qi� and
a set Q� � �mi��Qi of terminals� we can compute the external �ow inequalities
for G at terminals Q� in time O����q�	���	qm��� where qi � jQij�

	 Remarks

We presented e�cient algorithms for the all�pairs min�cut problem on bounded
tree�width networks and sparse networks� The constants in the running time
of the algorithms are not small� however� For example� in the algorithm for

networks of tree�width t� the constant is ��
O�t�

� An open problem is to design
more practical algorithms for these problems�
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