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Abstract. The non-additive shortest path (NASP) problem asks for
finding an optimal path that minimizes a certain multi-attribute non-
linear cost function. In this paper, we consider the case of a non-linear
convex and non-decreasing function on two attributes. We present an effi-
cient polynomial algorithm for solving a Lagrangian relaxation of NASP.
We also present an exact algorithm that is based on new heuristics we
introduce here, and conduct a comparative experimental study with syn-
thetic and real-world data that demonstrates the quality of our approach.

1 Introduction

The shortest path problem is a fundamental problem in network optimization
encompassing a vast number of applications. Given a digraph with a cost function
on its edges, the shortest path problem asks for finding a path between two nodes
s and t of total minimum cost. The problem has been heavily studied under the
additivity assumption stating that the cost of a path is the sum of the costs of its
edges. In certain applications, however, the cost function may not be additive
along paths and may not depend on a single attribute. This gives rise to the
so-called non-additive shortest path (NASP) problem, which asks for finding an
optimal path that minimizes a certain multi-attribute non-linear cost function.

In this work, we are interested in the version of NASP in which every edge
(and hence every path) is associated with two attributes, say cost and resource,
and in which the non-linear objective function is convex and non-decreasing.
This version of NASP has numerous applications in bicriteria network optimiza-
tion problems, and especially in transportation networks; for example, it is the
core subproblem in finding traffic equilibria [4, 12]. In such applications, a utility
cost function for a path p is defined that typically translates travel time (and
travel cost if necessary) to a common utility cost measure (e.g., money). Ex-
perience shows that users of traffic networks value time non-linearly [8]: small
amounts of time have relatively low value, while large amounts of time are very
valuable. Consequently, the most interesting theoretical models for traffic equi-
libria [4,12] involve minimizing a monotonic non-linear utility function of two
attributes, travel cost and travel time, that allows a decision maker to find the
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optimal path both w.r.t. travel cost and time. NASP is related to multiobjec-
tive optimization, and actually appears to be a core problem in this area; e.g.,
in multi-agent competitive network models [5]. The goal in multiobjective opti-
mization problems is to compute a set of solutions (paths in the case of NASP)
optimizing several cost functions (criteria). These problems are typically solved
by producing the so-called Pareto curve [11], which is the set of all undominated
Pareto-optimal solutions or “trade-offs” (the set of feasible solutions where the
attribute-vector of one solution is not dominated by the attribute-vector of an-
other solution). Multiobjective optimization problems are usually NP-hard. The
difficulty in solving them stems from the fact that the Pareto curve is typically
exponential in size, and this applies to NASP itself. Note that even if a decision
maker is armed with the entire set of all undominated Pareto-optimal solutions,
s/he is still left with the problem of which is the “best” solution for the appli-
cation at hand. Consequently, three natural approaches to solve multiobjective
optimization problems are: (i) optimize one objective while bounding the rest
(cf. e.g., [2,6,9]); (ii) find approximation schemes that generate a polynomial
number of solutions which are within a small factor in all objectives [11]; (iii)
proceed in a normative way and choose the “best” solution by introducing a
utility function on the attributes involved.

In this paper, we concentrate on devising an exact algorithm for solving
NASP as well as on computing a Lagrangian relaxation of the integer non-
linear programming (INLP) formulation of the problem, which is the first step
in finding the optimal solution. Solving the Lagrangian relaxation of NASP is
equivalent to computing the “best” path among those that lie on the convex hull
of the Pareto curve, called extreme paths. Note that these paths may also be ex-
ponentially many and that the best extreme path is not necessarily the optimal
[10]. To find the best extreme path, we adopt the so-called hull approach, which
is a cutting plane method that has been used in various forms and by various
researchers since 1966 [3]. Its first explicit use in bicriteria network optimization
was made in [6] for solving the Resource Constrained Shortest Path (RCSP)3
problem. However, only recently a considerable refinement of the method has
been made as well as its worst-case complexity was carefully analyzed [9]. Vari-
ations of the hull approach for solving relaxations of NASP, when the non-linear
objective function is convex and non-decreasing, have previously appeared in [7,
10], but with very crude time analyses giving bounds proportional to the number
of the extreme Pareto paths. Regarding the exact solution to NASP, we adopt
and extend the classical 3-phase approach introduced in [6] for solving RCSP,
used later in [2], and considerably refined in [9]: (a) compute lower and upper
bounds to the optimal solution, using the solution of the relaxed problem; (b)
prune the graph by deleting nodes and edges that cannot belong to an opti-
mal path; (c) close the gap between upper and lower bound. The pruning phase
was not considered in [6, 7]. Other approaches for solving NASP, either involved
heuristics based on path flow formulations and repeatedly solving LPs [4, 5], or

3 RCSP asks for finding a minimum cost path whose resource does not exceed a specific
bound. Costs and resources are additive along paths. RCSP is modelled as an ILP.



were based on repeated applications of RCSP [12] (one for each possible value
of the resource of a path).

In this work, we provide new theoretical and experimental results for solving
NASP. Our contributions are threefold: (i) We extend the hull algorithm in [9]
and provide an efficient polynomial time algorithm for solving the Lagrangian re-
laxation of NASP. Note that the extension of a method that solves the relaxation
of a linear program (RCSP) to a method that solves the relaxation of a non-
linear program (NASP) is not straightforward. For integral costs and resources
in [0, C] and [0, R], respectively, our algorithm runs in O(log(nRC)(m+nlogn))
time, where n and m are the number of nodes and edges of the graph. To the
best of our knowledge, this is the first efficient algorithm for solving a relaxation
of NASP. Our algorithm provides both upper and lower bounds, while the one
in [10] provides only the former. (ii) We give an exact algorithm to find the
optimum of NASP based on the aforementioned 3-phase approach. Except for
the relaxation method, our algorithm differentiates from those in [6,7,9, 10] also
in the following: (a) we provide two new heuristics, the gradient and the on-line
node reductions heuristics, that can be plugged in the extended hull algorithm
and considerably speed up the first phase as our experimental study shows. (b)
We give a method for gap closing that is not based on k-shortest paths, as those
in [6,7], but constitutes an extension and improvement of the method for gap
closing given in [9] for the RCSP problem. Again, our experiments show that
our method is faster than those in [6,7,9]. (iii) We introduce a generalization
of both NASP and RCSP, in which one wishes to minimize a non-linear, con-
vex and non-decreasing function of two attributes such that both attributes do
not exceed some specific bounds, and show that the above results hold for the
generalized problem, too.

Proofs and parts omitted due to space limitations can be found in [13].

2 Preliminaries and Problem Formulation

In the following, let G = (V, E) be a digraph with n nodes and m edges, and let
c: E — IR$ be a function associating non-negative costs to the edges of G. The
cost of an edge e € E will be denoted by ¢(e). To better introduce the definition
of NASP, we start with an Integer Linear Programming (ILP) formulation of the
well-known additive shortest path problem given in [9]. Let P be the set of paths
from node s to node t in G. For each path p € P we introduce a 0-1 variable
zp, and we denote by ¢,, or by ¢(p), the path’s cost, i.e., ¢, = c(p) = ZeEp c(e).
Then, the ILP for the additive shortest path is as follows.

min Zcpxp (1)
st. Y z,=1 ; =z,€{0,1},YpeP (2)

Suppose now that, in addition to the cost function ¢, there is also a resource
function r : E — IRy associating each edge e € E with a non-negative resource



r(e). We denote the resource of a path p by r,, or by r(p), and define it as
rp = 1(p) = Y., r(e). Consider now an non-decreasing and convex function
U: Ry — IRy with first derivative U’ : IR§ — IR . Function U is a translation
function that converts the resource of a path to cost. Now, the shortest path
problem asks for finding a path p € P which minimizes the overall cost, that is:

min Z cpy + U(Z rpTp) (3)

pEP pEP

Substituting (1) with the new objective function (3) and keeping the same con-
straints (2), we get an Integer Non-Linear Program (INLP). Since the overall
cost of a path is no longer additive on its edges the problem is called the non-
additive shortest path problem (NASP). It is easy to see that the solution to
NASP is a Pareto-optimal path. In the full generality of the problem, there is
also a translation function for cost (cf. Section 5). We start from this simpler
objective function, since it is the most commonly used in applications (see e.g.,
[4,5,12]), and it better introduces our approach.

3 Lagrangian Relaxation and its Solution

We can transform the above INLP into an equivalent one by introducing a vari-
able z and setting it equal to 2 = 3 p 7. Thus, the INLP objective function
becomes min 3 ¢y, + U(2), while an additional equality constraint is in-
troduced: »_ . p7pp = z. Since U(-) is a non-decreasing function, we can relax
this equality constraint to inequality, and get the following INLP:

min Z cpy +U(2)

pEP
s.t. Z rpxpy < 2 (4)
pEP
Y wpy=1; z,€{0,1},VpeP
peEP

We can relax the above using Lagrangian relaxation: introduce a Lagrangian mul-
tiplier g > 0, multiply the two sides of (4) by u, and turn constraint (4) in the
objective function. The objective now becomes L(p) = min ) p (¢p + prp)z,+
U(z) — pz, while constraints (2) remain unchanged. L(p) is a lower bound on
the optimal value of the objective function (3) for any value of the Lagrangian
multiplier i [1, Ch. 16]. A best lower bound can be found by solving the problem
max,>o L(p) (equivalent to solving the NLP relazation of NASP, obtained by
relaxing the integrality constraints). Since none of the constraints in L(u) con-
tains variable z, the problem decomposes in two separate problems L,(u) and
L. () such that

L(p) = Ly(p) + L (1),



where L,(1) = min Z (cp + prp)x,
peEP
s.t. Za:p =1 ; z,€{0,1},VpeP
pEP
and L.(n) = min U(z) — pz (5)

Observe now that for a fixed p: (i) Lp(p) is a standard additive shortest path
problem w.r.t. the composite (non-negative) edge weights w(-) = ¢(-) + pr(-)
and can be solved using Dijkstra’s shortest path algorithm in O(m + nlogn)
time; (ii) L. () is a standard minimization problem of a (single variable) convex
function. These crucial observations along with some technical lemmata will
allow us to provide an efficient polynomial algorithm for solving the relaxed
version (Lagrangian relaxation) of the above INLP.

3.1 The Ingredients

In the following, let p = SP(s,t,c,r,u) denote a shortest path routine that
w.l.o.g. always returns the same s-t path p that is shortest w.r.t. edge weights
w(e) = c(e) + pr(e), Ve € E, and let argmin{f(z)} denote the maximum z that
minimizes f(z). The next lemma relates resources and costs of shortest paths
w.r.t. different p.

Lemma 1. Letp, = SP(s,t,c,r, ), pn = SP(s,t,c,r, pun), zi = argmin{U (z)—
iz}, zp = argmin{U(2) — ppz}, and 0 < py < py. Then, (i) r(p1) > r(pn); (ii)
c(pi) < e(pn); (idi) r(p) =20 > v(pr) —2n; and (i) c(p) +U(z1) < e(pn) +U(zp)-

Lemma 1 allows us to use any line-search method to either find an optimal
solution or a lower bound to the problem. Here, we follow the framework of
the hull approach and in particular of its refinement in [9] for solving the RCSP
problem (hull algorithm), and extend it to NASP. The approach can be viewed as
performing a kind of binary search between a feasible and an infeasible solution
w.r.t. constraint (4). In each step the goal is to find a pair (p,z) that either
corresponds to a new feasible solution that reduces the objective value (¢(p) +
U(z)), or corresponds to an infeasible solution that decreases the amount (r(p)—
z) by which constraint (4) is violated.

The next two lemmata allow the effective extension of the hull algorithm to
NASP. The first lemma shows how such a solution can be found by suitably
choosing the Lagrangian multiplier at each iteration.

Lemma 2. Letp; = SP(s,t,c,r, ), pp = SP(s,t,c,r,up), 21 = argmin{U(z)—
wz}, zp, = argmin{U(z) — upz}, pm = SP(s,t,c,r, i), 2m = argmin{U(z) —

p’mz}; 0 S M S Hh ;s and HPm = % Then’ (Z) r(pl) -2 Z r(pm) — Zm Z

r(pr) — zn, and (i) c(pr) + U(z1) < c(pm) + Ul(zm) < c(pn) + Ul(zn).



The previous lemma can be usefully applied when we have an efficient way to
test for feasibility. Compared to RCSP, where this test was trivial (just checking
whether the resource of a path is smaller than a given bound), checking whether
(p, ) is feasible reduces in finding the inverse of U'(z) (as objective (5) dictates)
and this may not be trivial. The next lemma allows us not only to efficiently
test for feasibility, but also to avoid finding the inverse of U’(z).

Lemma 3. Let p > 0 with corresponding path p = SP(s,t,c,r,u), and let z* =
argmin{U (z) — pz}. Then, (p,z*) is a feasible solution w.r.t. constraint (4) if
U'(r(p)) < p.

3.2 The Extended Hull Algorithm

We are now ready to give the algorithm for solving the relaxed INLP. Call a
multiplier p feasible if p leads to a feasible solution pair (p, z); otherwise, call u
infeasible. During the process we maintain two multipliers u; and py as well as
the corresponding paths p; and pp. Multiplier y; is an infeasible one, while up,
is feasible. Initially, y; = 0 and the corresponding path p; is the minimum cost
path, while pp = +00 and the corresponding path pj is the minimum resource
path. We adopt the geometric interpretation introduced in [9] and represent each
path as a point in the r-c-plane.

In each iteration of the algorithm we find a path p,, corresponding to the

multiplier p,, = %.

and p; with slope —p,, along its normal direction until we hit an extreme point
in that direction (see Fig. 1(a)). Multiplier u,, leads to a solution (pm,, zm)- We
check whether (p.,, 2, ) is feasible using Lemma 3. This is equivalent to check
whether U’ (r(pym)) — i is positive, negative, or zero. In the latter case, we have
found the optimal solution. If it is positive, then by Lemma 2 we have to move
to the “left” by setting p; equal to p,, and p; to p,; otherwise, we have to move
to the “right” by setting p; equal to p,, and up to fy,.

We iterate this procedure as long as y; < gy < pp, ie., as long as we are
able to find a new path below the line connecting the paths p; and p,. When
such a path cannot be found, the algorithm stops. As we shall see next, in this
case either one of p; and pj is optimal, or there is a duality gap. We call the
above the extended hull algorithm.

We are now ready to discuss its correctness. The following lemma implies
that the paths p; and p, maintained during each iteration of the algorithm give
us upper bounds on the resource and the cost of the optimal path.

This is equivalent to moving the line connecting py,

Lemma 4. Let ¢ > 0 be a fized multiplier and let p = SP(s,t,c,r,u) be its
corresponding path. (i) If U'(r(p)) > w, then r(p) is an upper bound on the
resource of the optimal path. (i) If U'(r(p)) < u, then c(p) is an upper bound
on the cost of the optimal path. (i) If U'(r(p)) = u, then p is optimal.

The next lemma (see Fig. 1(b)) completes the discussion on the correctness.
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Fig. 1. The algorithm. (a) First iteration. (b) Last iteration.

Lemma 5. Let 0 < p; < pp be the multipliers at the end of the algorithm,
pr = SP(s,t,c,r, ) and pp, = SP(s,t,c,r, up) be their corresponding paths, and

let pm = ps=ies. () If m < U'(r(w) < pm, then py is optimal. (ii) If

pm < U'(r(pn)) < pn, then py is optimal. (idi) If U'(r(pn)) < pm < U'(r(p)),
then there may be a duality gap. In this case, the optimum lies in the triangle
defined by the lines r = r(p;), ¢ = c(pn), and the line connecting p; and py,.
Proof. From Lemma 2, we have that p; < py, = % < pp. We will also
use the fact (cf. [13]) that if we have found a path which is shortest for both
multipliers p; and pp, then it is shortest for any u € [uy, pp]-

(i) If iy < U'(r(p1)) < pm, from the above fact we have that Vg € P: c¢(p;) +
U'(r(p)r(p) < c(q) + U'(r(p))r(q). Thus, Lemma 4(iii) implies that p; is op-
timal. (ii) Similar to (i). (iii) Follows directly from Lemma 4 and the stopping
condition of the algorithm. O

In the case where there is a duality gap (see Fig. 1(b)), we can compute a
lower bound to the actual optimum of the original INLP. Let the line connecting
po and py be ¢ + pr = W, where W = c(pi) + pr(p) = c(pn) + pr(pn). In
the best case the optimum path (¢,7) lies on that line and therefore it must
be ¢ + uF = W. A lower bound to the actual optimum is thus ¢ + U(F), where
(6,7) = (W — p[U']1(u), [U']1(n)) is the solution of the system of equations
¢+ur =W and U'(F) = p (here [U']71(-) denotes the inverse function of U’(+)).

We now turn to the running time of the algorithm. The algorithm’s progress
can be measured by how much the area of the triangular unexplored region
(defined by points p;, p, and the intersection of the lines with slopes —u; and
—pp, passing through p; and py, respectively) reduces at each iteration. We can
prove (in a way similar to that in [9]; cf. [13]) that the area reduces by at least 3/4.
For integral costs and resources in [0, C] and [0, R], respectively, the area of the
initial triangle is at most 3(nR)(nC), the area of the minimum triangle is 3,
and the unexplored region is at least divided by four at each iteration. Thus, the
algorithm ends after O(log(nRC)) iterations. In each iteration a call to Dijkstra’s
algorithm is made. Hence, we have established the following.

Theorem 1. The extended hull algorithm solves the Lagrangian relazation of
NASP in O(log(nRC)(m + nlogn)) time.



4 The Exact Algorithm

The exact algorithm for solving NASP follows the general outline of the algo-
rithms in [2,6,9] for solving RCSP and consists of three phases. In the first
phase, we solve the relaxed problem using the extended hull algorithm. This
provides us with a lower and an upper bound for the objective value as well as
with an upper bound on the cost and the resource of the optimal path. In the
second phase, we use these cost and resource upper bounds to prune the graph
by deleting nodes and edges that cannot lie on the optimal path (details for this
phase can be found in [13]). In the third phase, we close the gap between lower
and upper bound and find the actual optimum by applying a path enumerating
process in the pruned graph.

4.1 Improving the Efficiency of the Extended Hull Algorithm

To achieve better running times for phase 1, we develop two new heuristics that
can be plugged in the extended hull algorithm. The first heuristic intends to
reduce the number of iterations, accomplished by identifying cases where we
can increase the algorithm’s progress by selecting a multiplier other than that
suggested by the hull approach. We refer to it as the gradient heuristic. The
second heuristic aims at reducing the problem size by performing node reductions
on the fly, using information obtained from previous iterations. We refer to it as
the on-line node reductions heuristic.

Gradient Heuristic. Assume that there exists a multiplier g’ such that p; <
1 < pp, and for which we can tell a priori whether the corresponding path is
feasible or not (i.e., without computing it). We can then distinguish two cases
in which we can examine y' instead of p,,, and achieve a better progress: (a) If
i’ leads to an infeasible solution and p; < p, < p', then Lemma 1 implies that
im also leads to an infeasible solution. Therefore, since both pu,, and p' lead to
an infeasible path, and p’ is closer to up than p.,, we can use p’ instead of i,
in the update step and thus make a greater progress. (b) Similarly, if u’ leads to
a feasible solution and p' < p, < pp, then p,, also leads to a feasible solution.
Again, we can use p' instead of u,, in the update step, since it is closer to .
The following lemma suggests that when we are given a feasible (resp. infeasible)
multiplier p, we can always find an infeasible (resp. feasible) multiplier u'. Its
proof follows by Lemma 1 and the convexity of U(-).

Lemma 6. Let p > 0 be a fized multiplier, p = SP(s,t,c,r,u), u' = U'(r(p)),
and ¢ = SP(s,t,c,r,u'). (i) If ' <, then U'(r(q)) > p'. (1) If ’ > u, then
U'(r(q)) < '

Lemma 6 along with the above discussion lead to the following heuristic
that can be plugged in the extended hull algorithm. Let 0 < p; < pp be the
multipliers at some iteration of the algorithm, and let p;, pj, be the corresponding
paths. If U'(r(pn)) > cpr)—cpi) > ) then set fin, = U'(r(pn)). EU (r(m)) <

= r(p)—r(pn)
% < fn, then set p, = U'(r(pr)). Otherwise, set p,, = %.



On-line Node Reductions Heuristic. Further progress to the extended hull
algorithm can be made by temporarily eliminating at each iteration those nodes
that cannot lie on any path obtained by any subsequent iteration of the algo-
rithm. These temporary eliminations of nodes are done in an on-line fashion and
apply only to phase 1. Let d,,(z, y) denote a lower bound on the cost of a shortest
z-y path w.r.t. the edge weights w(-) = ¢(+) + ur(-). Then, we can safely exclude
from the graph any node u for which any of the following holds:

dy,, (8, 0) + dy,, (u,t) > c(pn) + pm7(Pn) (6)
dul (37 u) + d#l (’LL, t) > c(ph) + Ul"'(ph) (7)
d#h (57 ’LL) + d#h (’LL, t) > c(pl) + Mh"'(pl) (8)

The above lower bound distances can be found using the following lemma.

Lemma 7. Let dg(u,v) and dg-(u,v) be lower bounds of the cost of a shortest
u-v path w.r.t. edge weights c(-) + mr(-) and c(-) + anr(-), respectively, where
T < Tn. Let @ € [, n). Then, dg(u,v) = 0dg;(u,v) + (1 — 0)dg(u,v) is also
a lower bound of the cost of a shortest u-v path w.r.t. edge weights c(-) + @r(-),
where § = L2
Hn— 1

To apply the on-line node reductions heuristic, we maintain a set R that
consists of the nodes reduced until that iteration. Additionally, we maintain the
lower bound distances dy: (s,u), dy: (s, u), dyr (u,t), dyt (u,t), Vu € V— R, where
Wi < g, b <y s > pn, ph > pk. These distances have been computed in
previous shortest path computations (initially, they are set to zero). We call u
reduced either if u € R, or if any of the inequalities (6), (7), or (8) is satisfied.

In each iteration we test a multiplier p,, by performing a forward (resp. back-
ward) run of Dikjstra’s algorithm [13], using w(-) = ¢(-) + umr(-) as edge weights.
For each node u extracted from the priority queue (used in Dijkstra’s algorithm),
we check whether u is reduced or not. If u is reduced but not in R, then we in-
sert it to R. To check the inequalities, we need the lower bound distances in the
LHS of (6),(7), and (8), which can be found by applying Lemma 7 on the known
distances d; (s,u), du; (s,u), dye(u,t), and dy (u,?). If u is reduced, then we
do not need to examine its outgoing (resp. incoming) edges. We stop Dijkstra’s
algorithm when the target (resp. source) node is settled. At this point, by setting
the distances of the non-reduced unsettled nodes to the distance of the target
(resp. source), we have new lower bound distance information, which can be used
in subsequent iterations by updating the current information appropriately.

4.2 Closing the Gap

To close the gap, we follow a label setting method that is essentially a modifica-
tion of the one proposed in [9] for the RCSP problem. In the additive shortest
path problem, Dijkstra’s algorithm keeps a label for each node u representing
the tentative distance of an s-u path. In our case each path p has a cost and a
resource, and thus its corresponding label is a tuple (rp, ¢,). Consequently, with
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each node u a set of labels corresponding to s-u paths have to be stored, since now
there is no total order among them. However, we can exploit the fact that some
paths may dominate other paths, where a path p with label (rp,c,) dominates
path g with label (r4,¢,) if ¢, < ¢4 and r, < r,. Hence, at each node 4 we main-
tain a set L(u) of undominated s-u paths, that is, every path in L(u) does not
dominate any other in the set. Let ¢y, (resp. ryy) denote the cost (resp. resource)
of the shortest u-v path w.r.t. cost (resp. resource), and let ¢yaq (r€SpP. Tmasz) be
the upper bound on the cost (resp. resource) of the optimal path returned by
phase 1. We call an s-u path p of cost ¢, and resource r, non-promising, if any
of the following holds: (i) ¢, + cut > Cmagw; (il) 7p +Tut > Tmaz; (iil) if there exists
a Pareto-optimal u-t path ¢ of cost ¢, and resource r, for which ¢, + ¢; > ¢max
and rp + 14 > Tpge- Clearly, a non-promising path cannot be extended to an
optimal one and hence it can be discarded. We would like to mention that in
[9] only (i) and (ii) are checked. Our experiments revealed, however, that gap
closing involving (iii) can be considerably faster (cf. Section 6). The gap closing
algorithm is implemented with the use of a priority queue, whose elements are
tuples of the form (wp, (rp, cp)), where wy = ¢, + 7y is the combined cost of p
and iy, is the final multiplier of phase 1. Paths are examined in the order they
are hit by sweeping the line connecting p; and pj along its normal direction.

5 Generalization

The generalization of the objective function (3) involves two non-decreasing and
convex functions U, : Ry — R} and U, : Rj — IR translating a path’s cost
(travel distance) and resource (travel time), respectively, to the common utility
cost (money). We can also incorporate restrictions that may exist on the total
cost or the resource of a path, thus adding constraints of the form Zpe pCpTp <
B. and ZpEP rpz, < B,, for some constants B., B, > 0. Consequently, the
resulting INLP is as follows

min U, Zcpmp + U, er:np

pEP peP
s.t. Z cpty < B Z rpxp < B, 9)
peEP peEP
przl i xp€{0,1}, VpeP
peP

and constitutes a generalization to both NASP and RCSP. We can show that the
idea with the non-negative composite edge weights w(-) = ¢(-) + pr(-) (based on
a Lagrangian multiplier p) provides us with a polynomial algorithm for solving
the relaxed version of the above INLP. We provide generalized versions of the key
Lemmata 4 and 5 (see [13]), which actually allow us to apply the hull approach
and get the desired solution. The generalized versions of these Lemmata result in
certain modifications of the extended hull algorithm (see [13]), without sacrificing
its worst-case complexity.
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6 Experiments

We conducted a series of experiments based on several implementations* of the
extended hull algorithm and of the exact algorithm with the heuristics described
in Section 4. In particular, for the solution of the Lagrangian relaxation of NASP
(phase 1 of the exact algorithm), we have implemented the extended hull algo-
rithm (EHA) of Section 3.2 (using Dijkstra’s algorithm for shortest path com-
putations and aborting when the target node is found), the variant of the hull
approach described in [10] using the bidirectional Dijkstra’s algorithm (MW),
and EHA using different heuristics: EHA[B] (with the bidirectional Dijkstra’s
algorithm), EHA[G] (with the gradient heuristic), EHA[NR] (with the on-line
node reductions heuristic), EHA[G+NR] (gradient and on-line node reductions
heuristics), and EHA[G+B] (gradient heuristic with bidirectional Dijkstra).

With this bulk of implementations, we performed experiments on random
grid graphs and digital elevation models (DEM) — following the experimental
set-up in [9] — as well as on real-world data based on US road networks. For
grid graphs, we used integral edge costs and resources chosen randomly and
independently from [100,200]. A DEM is a grid graph where each node has an
associated height value. We used integral values as heights chosen randomly
and independently from [100,200]. The same applies for the edge resources. The
cost of an edge was the absolute difference between the heights of its endpoints.
In both types of input, we used the objective function (3) which is the most
commonly used in transportation applications [4, 5,12] with U(r) quadratic and
appropriately scaled; that is, the objective function was W(;,t) + (ﬁ){ where
by dx(s,t) we denote the weight of the shortest s-t path with respect to the
weight function A(-).

The experimental results on grid graphs are reported in Table 1 (similar
results hold for DEMs; cf. [13]). We report on time performances (secs) and
on the number of shortest path computations (#SP). The reported values are
averages over several query (s,t) pairs that involve border nodes of the grid
(similar results hold for randomly chosen pairs).

For the solution of the relaxed problem (phase 1 of the exact algorithm), we
observe that MW, despite the fact that it is implemented using bidirectional Di-
jkstra (which is usually faster than pure Dijkstra), has an inferior performance
w.r.t. both EHA and EHA[B]. This is due to the fact that it performs much more
shortest path computations, since MW does not use derivatives. Regarding the
heuristics, we observe that both gradient and on-line node reductions are rather
powerful heuristics. In all cases, the gradient heuristic reduces the number of
shortest path computations from 20% to 60%, and the improvement is more evi-
dent as the graph size gets larger. The on-line node reductions heuristic achieves
in almost all cases a better running time than the gradient heuristic. The most
interesting characteristic of this heuristic is that its performance increases with
the number of shortest path computations. This is due to the successive re-

* Implementations were in C++ using LEDA. Experiments were carried out in a SunFire
280R. with an UltraSPARC-III processor at 750 MHz and 512 MB of memory.
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duction of the problem size. Finally, the combination of both heuristics gives
further improvements and makes EHA[G+NR] along with EHA[G+B] to be the
fastest implementations of the exact algorithm. Regarding pruning and gap clos-
ing (phases 2 and 3 of the exact algorithm), our experiments revealed that these
two phases were performed only for a very small number of instances, actually
less than 2%; see lower part of Table 1. This implies that for the 98% of the
instances tested, the time bounds of Table 1 (upper part) essentially provide the
total running time of the exact algorithm. We made two implementations of gap
closing: the first is the one described in [9] (gc[MZ]), while the second is our
method described in Section 4.2 (gc[new]) that uses Pareto path information.
The larger the graph, the better the performance of gc[new], since much more
paths are discarded and thus less delete-min operations are executed.

N x N Grid — 100 Border (s,t) pairs

N 50 100 200 400 600

Implem. #SP|Time||#SP|Time||#SP|Time||#SP| Time||#SP| Time
MW 9.35/0.125]| 10.9{0.650|| 12.3|4.862|| 14.8|33.540|| 15.5(91.640
EHA 6.74]0.095|| 7.61{0.490|| 8.31|3.359|| 9.68|22.128|| 9.97|61.627
EHA[B] 6.74|0.088|| 7.61]0.444]| 8.31|3.211|| 9.68|21.648|| 9.97|57.902
EHA[G] 4.35(0.061]|| 4.14|0.260|| 4.38|1.721|| 4.73(10.609|| 4.62|27.965
EHA[NR] 6.74]0.063|| 7.61{0.281|| 8.31|1.683|| 9.68|9.6354|| 9.97(25.354
EHA[G+NR]|| 4.35|0.053|| 4.14|0.234|| 4.38/1.451|| 4.73|8.3676|| 4.62|21.879
EHA[G+B] || 4.35/0.054|| 4.14]|0.233|| 4.38|1.650|| 4.73|10.437|| 4.62|26.290

N x N Grid — 10000 Border (s,t) pairs
N 100 200
#GCP 101 182
Phase |[|Time|#del_min|| Time #del_min
pruning||0.267 -l 2.209 -
gc[MZ] (|0.359| 14260.9(|32.420 744056
gclnew] (|0.276]  9459.8(|17.440 456400

Table 1. #GCP denotes the number of (s, t) pairs that needed pruning and gap closing.

Regarding the experiments on real road networks from USA, we consider
the high-detail state road networks of Florida and Alabama, and the NHPN
(National Highway Planning Network) covering the entire continental US. The
data sets of the state networks consist of four levels of road networks (interstate
highways, principal arterial roads, major arterial roads, and rural minor arterial
roads). The Florida high-detail road network consists of 50109 nodes and 133134
edges, the Alabama high-detail road network consists of 66082 nodes and 185986
edges, and the US NHPN consists of 75417 nodes and 205998 edges. These
particular data sets were also used in [14]. In all cases the cost and the resource
of an edge were taken equal to the actual distance of its endpoints (provided with
the data) multiplied by a uniform random variable in [1,2] (to differentiate the
cost from the resource value), and subsequently scaled and rounded appropriately
so that the resulting numbers are integers in [0, 10000]. The non-linear objective
function considered in all cases was the same as that for grid graphs and DEMs.
The experimental results (see Table 2) are similar to those obtained using grid
graphs and DEMs.
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Road Networks — 1000 Random (s,t) pairs
Input Graph ||U.S. NHPN|| Florida Alabama

Implem. #SP| Time|| #SP|Time||#SP|Time
MW 10.58| 3.43|(10.19| 2.05|| 9.88| 2.45
EHA 7.34| 2.44|| 7.10| 1.33|| 6.88| 2.14
EHA 7.34| 2.32| 7.10| 1.45|| 6.88| 1.70

[B]
EHA[G] 4.01| 1.23|| 4.01] 0.69| 3.98 1.15
EHA[NR] 7.34| 1.11|| 7.10| 0.63|| 6.88| 0.97
EHA[G+NR]|| 4.01| 1.04|| 4.01] 0.60| 3.98 0.95
EHA[G+B] || 4.01| 1.14| 4.01] 0.73| 3.98 0.89

Road Networks — 10000 Random (s,t) pairs

Graph U.S. NHPN Florida Alabama
#GCP 110 51 74
Phase |[|Time|#del_min||Time|#del_min |/ Time|#del_min
pruning|| 0.92 —|| 0.43 —|| 0.74 -
gc[MZ] || 5.64| 201156| 1.46 37284|| 1.34 32940
gclnew] || 4.68| 144848|| 0.94 30889|| 1.30 29620

Table 2. Nodes s and t are chosen randomly among all nodes.
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