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Shortest Paths in Digraphs of Small Treewidth.
Part I: Sequential Algorithms?!

S. Chaudhufiand C. D. Zaroliagis®

Abstract. We consider the problem of preprocessingravertex digraph with real edge weights so that
subsequent queries for the shortest path or distance between any two vertices can be efficiently answered. We
give algorithms that depend on ttieewidthof the input graph. When the treewidth is a constant, our algorithms

can answer distance querie<Ora (n)) time afterO(n) preprocessing. This improves upon previously known
results for the same problem. We also give a dynamic algorithm which, after achange in an edge weight, updates
the data structure intim@(n?), for any constant G 8 < 1. Furthermore, an algorithm of independent interest

is given: computing a shortest path tree, or finding a negative cycle in linear time.
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1. Introduction. Finding shortest paths in digraphs is a well-studied and important
problem with many applications, especially in network optimization (see, e.g., [2]). The
problem is to find paths of minimum weight between vertices imasmrtex, m-edge
digraph with real edge weights (Section 2). In the single-source problem we seek such
paths from a specific vertex to all other vertices and in the all-pairs shortest pagms (
problem we seek such paths between every pair.

For general digraphs the best algorithm for AlrsPproblem take© (nm+ n? log n)
time [14]. An APsPalgorithm must output paths betwe®1n?) vertex pairs and thus
requires this much time and space. A more efficient approach is to preprocess the digraph
so that, subsequentlyueriescan be efficiently answered. A query specifies two vertices
and ashortest path quergsks for a minimum weight path between them, whilkstance
queryonly asks for the weight of such a path. This approach is particularly promising
when the digraph is sparse, i.;n,= O(n).

Under this approach, shortest paths in planar and outerplanar digraphs have been
intensively studied [10], [12], [13]. The results in these papers, when specialized to
outerplanar digraphs, are as follows. In [13] it was shown that &ften preprocessing,

a shortest path or distance query is answer&i(iin+log n) time (whereL is the number

of edges of the reported path). In [10] a different approach reduces the distance query
time to O(logn) (with the same preprocessing time). Recently, in [12], the distance
query time has been improved @(«x(n)), wherea(n) is the inverse of Ackermann’s
function [1] and is a very slowly growing function.
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Another important subclass of sparse graphs is the class of graphs with bounded
treewidth. The study of graphs using ttreewidthas a parameter was pioneered by
Robertson and Seymour [17] and continued by many others (see, e.g., [4]-[6] and [8]).
Roughly speaking, the treewidth of a grahs a parameter which measures how close
the structure ofG is to a tree. (A formal definition is given in Section 2.) Graphs of
treewidtht are also known as partigltrees and have at mast edges. In [7] the same
bounds as in [10] are claimed for the above problem on digraphs with treewidth at most
2 (though no details are given). Classifying graphs based on treewidth is useful because
diverse properties of graphs can be captured by a single parameter. For instance, the
class of graphs of bounded treewidth includes series-parallel gragh2)( outerplanar
graphs { = 2), graphs with bounded bandwidth, and graphs with bounded cutwidth [4],
[6]. Thus giving efficient algorithms parameterized by treewidth is an important step in
the development of better algorithms for sparse graphs.

In this paper we consider tie@spproblem for digraphs of small treewidth. Our main
result is an algorithm that, for digraphs of constant treewidth, &ter) preprocessing
answers a distance query®(«(n)) time and a shortest path query@(L«(n)) time.

This improves the distance query time bounds for outerplanar digraphs in [7], [10], [12],
and [13]. The data structures in [12] and [13] are not dynamic, while those in [7] and
[10] are dynamic. After a change in the weight of an edge, the data structures in [7] and
[10] can be updated i®(logn) time. We also give a dynamic data structure that does
not achieve this update bound, but does achieve a sublinear one. In particular, we can
perform updatesin O(n?) time, for any constant & g < 1, maintaining the previous
query times.

We actually show a tradeoff between the preprocessing and query times which is
parameterized by the treewidth of the graph and an integek1< «(n). Specifically,
for a digraph of treewidtht and any integer 1< k < «(n), we give an algorithm
that achieves distance (resp. shortest path) query @rték) (resp. O(t3kL)). The
preprocessing bound requireddst3nlogn), whenk = 1, O(t®nlog* n), whenk = 2,
and decreases rapidly ©(t°n) whenk = «(n) (Section 4). We note that graphs of
treewidtht may have (tn) edges.

Concerning the single-source problem, most algorithms either consteleirgest
path treerooted at a given vertex, or find a negative weight cycle. Constructing a shortest
path tree is often easier when the digraph has nonnegative edge weights. For general di-
graphs with nonnegative real edge weights the best algorithm @émast nlog n) time
[14]to construct the shortest path tree. If the digraph contains negative real edge weights,
then one need®(nm) time to either construct a shortest path tree, or find a negative
weight cycle [2]. For outerplanar digraphs,@in) time, a shortest path tree can be con-
structed[10], [11], or a negative cycle can be found [15]. For planar digraphs with nonneg-
ative real edge weights, &(n) time algorithm for computing a shortest path tree is given
in [16]; with negative but integer edge weights larger thdn (L > 1), the same paper
gives anO(n*2log(nL)) time algorithm which constructs a shortest path tree, or finds a
negative cycle. The best algorithm to construct a shortest path tree, or find a negative cycle
ina planar digraph with real edge weights takes (in the worst €6#)° log n) time [15].

4 Our dynamic data structure also supports edge deletions, since deleting amigégeivalent to updating
the weight ofe with a very large number such that subsequeathill not be used by any shortest path.
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We also give here af(n) time algorithm that, for digraphs of constant treewidth,
either constructs a shortest path tree or finds a negative cycle (Section 3). This generalizes
the results in [15] for outerplanar digraphs. To the best of our knowledge, this is the most
general class of graphs for which the complexity of computing a shortest path tree
matches that of finding a negative cycle.

All of our algorithms start by computing teee-decompositionf the input digraph
G. The tree decomposition of a graph with constant treewidth can be compu@Ed)n
time [8]. The main idea behind our algorithms is the following. We define a certain
value for each node of the tree-decompositio@o&nd an associative operator on these
values. We then show that the shortest path problem reduces to computing the product of
these values along paths in the tree-decomposition. Algorithms to compute the product
of node values along paths in a tree are given in [3] and [9]. Our preprocessing versus
guery time tradeoff arises from a similar tradeoff in [3] and [9]. The dynamization of
our data structures is based on the above ideas and on a graph partitioning result which
is of independent interest.

The paper is organized as follows. In Section 2 we give preliminary results and define
the treewidth of a graph. In Section 3 we show the reduction of the shortest paths problem
to computing products of values along paths in the tree-decomposition, and we present
the algorithms for the single-source and the negative cycle problems. Our static data
structures for thexpsp problem are presented in Section 4, while our dynamic data
structures are described in Section 5.

2. Preliminaries. In this paper we are concerned with finding shortest paths or dis-
tances between vertices of a directed graph. Thus, we assume that we are given an
n-vertex weighted digraph G.e., a digraptG = (V (G), E(G)) and a weight function
wt: E(G) — R. We callwt (u, v) theweightof edge(u, v). The weight of a path in
G is the sum of the weights of the edges on the pathukore V(G), ashortest path
in G from u to v is a path whose weight is minimum among all paths fioito v. The
distancefrom u to v, written ass (u, v) or g (U, v), is the weight of a shortest path from
utovin G. Acycle inG is a (simple) path starting and ending at the same vertex. If the
weight of a cycle inG is less than zero, then we say tié&atontains anegative cyclelt
is well known [2] that shortest paths exist®@y iff G does not contain a negative cycle.
Forasubgraphl of G, and verticex, y € V(H), we denote by (X, y) the distance
of a shortest path from to y in H. A shortest path treeooted atv € V(G) is a tree
such thatyw € V(G), the tree path from to w is a shortest path i from v to w.
Let G be a (directed or undirected) graph and\étC V(G). Then byG[W] we
denote the subgraph &f induced onW. Let V,, V,, andS be disjoint subsets of (G).
We say thaSis aseparator for \{ and \, or thatS separates Mrom \5, iff every path
from a vertex inV; (resp.V,) to a vertex inV, (resp.V;) passes through a vertex $
Let H be a subgraph d&. A cut-set for His a set of vertice€ (H) € V(H), whose
removal separated from the rest of the graph.

DerINITION 2.1. LetH be adigraph, witl,, V., andU a partition ofV (H) such that)
is a separator fov; andVs. Let H; andH, be subgraphs dfi suchthav (H;) = V,UU,
V(Hy) = V,UU, andE(H1) U E(H2) = E(H). We say thaH is a graph obtained by
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absorbing H into Hy, if H; is obtained fromH; by adding edgesu, v), with weight
8h,(u, v) or 8y (u, v), for each paiu, v € U. In case multiple edges are created, retain
the one with minimum weight.

Absorbing preserves distances in a digraph. This allows us to absorb the subgraph
on one side of the separator and restrict our attention to the remaining subgraph, which,
maybe, is smaller. In what follows, we often absorb one graph into another, sometimes
adding edgesu, v) with weightsy, (u, v) and sometimes with weigld, (u, v). In all
cases the crucial property is that distances are preserved as the following lemma shows.

LEMMA 2.1. LetH, Hy, Hy, and H; be as in Definitior2.1.Thenforall x, y € V (H,),
Sh (X, ) = SH (X, Y).

PROOF.  Itis enough to show tha; (X, y) < du;(X, y) anddn; (X, y) < du (X, y). Call
an edgegu, v) in H{ an Hy-edge if it has weighé, (u, v) and anH-edge if its weight
isén (U, v).

We first show thaby (X, y) < Smy (X, Y). Consider a shortest path fraxto y in Hj.
Construct awalk fronx toy in H by replacing, in the above path froHt, all H,-edges
by a path inH, of the same weight and all -edges by a path il of the same weight
(both of which exist, by construction). Now this walk has weigjii(x, y) and a shortest
path inH; from x to y cannot weigh more.

We now show thaASHi(x, y) < 8u (X, y). Consider a shortest path fraxto y in H.
Find all maximal (with respect to the number of edges) subpaths that are contained in
H,. These paths must start and end in verticés.ihet W be the weight of one such path
(in Hy) fromutowv,u, v € U. ThenH; has an edgéu, v) with weight eithei, (u, v) or
81 (u, v), both of which are at most/. Construct a path fror to y in H; by replacing
each such subpath by the corresponditigedge orH-edge inH;. The resulting path
has weight at mosiy (X, y). O

A tree-decompositionf a (directed or undirected) gragh is a pair(X, T) where
T = (V(T), E(T)) is atree anX is a family{Xj|i € V(T)} of subsets o¥/ (G), such
that{J; .y ) Xi = V(G) and also the following conditions hold:

e (edge mappinpV (v, w) € E(G), there exists ane V(T) with v € X; andw € X;;

e (continuity Vi, j,k € V(T), if j liesonthe path fromtokin T, thenX; N Xx € X;,
or, equivalentlyyv € V(G), thenode$i € V(T)|v € X;}induce aconnected subtree
of T.

Thetreewidthof a tree-decomposition is max ) | Xi| — 1. The treewidth of5 is
the minimum treewidth over all possible tree-decompositions .of
FacT 2.1 [8].

(a) For all constant te N, there exists an @) time algorithm which tests whether a
given n-vertex graph G has treewidtht and if sq outputs a tree-decomposition
(X, T) of G with treewidth< t, where|V(T)| = n —t.
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(b) We canin O(n) timg convert(X, T) into another tree-decompositiaiXy, Tp) of
G with treewidth t where T, is a binary tree andV (Tp)| < 2(n —t).

Part (b) of the above fact follows by the usual binarization of an arbitrary tree. We
use this in Section 5. Given a tree-decompositioGofve can quickly find separators
in G, as the following proposition shows.

PrROPOSITION2.1 [17]. Let G be agraph and lgtX, T) be its tree-decompositioAlso
lete= (i, j) € E(T) and let T and T, be the two subtrees obtained by removing e from
T.Then X N Xj separateg v r,) Xm — (Xi N X)) from U ey 7,y Xm — (Xi N Xj).

3. Constructing a Shortest Path Tree. Call a tuple(a, b, ¢) adistance tupléf a, b
are arbitrary symbols arde R. For two distance tuplega, by, ¢1), (ag, by, ¢2), define
their product(ay, by, ¢1) ® (ag, by, ¢2) = (ay, be, ¢1 + ¢) if by = &, and as nonexistent
otherwise.

For a set of distance tuplelsl, define minmapM) to be the sef(a, b, ¢): (a, b, ¢) €
M andv(@,b',c) e Mif @ =a,b’ = b, thenc < c'}, i.e., among all tuples with the
same first and second components, minmap retains only the tuples with the smallest third
component.

Let M; and M, be sets of distance tuples. Define the operatby M; o My =
minmagM), whereM = {x ® y: X € My, y € My}. Itis not difficult to show that is
an associative operator.

Let G be a digraph with real edge weights. Note that in the above definitidw; if
andM; have tuples of the forra, b, x) wherea, b € V (G) andx is the weight of a path
from a to b, thenM; o M, computes tuplega, b, y) wherey is the (shortest) distance
from a to b using only the paths representedvih and M.

For X, Y C V(G), not necessarily distinct, defife&(X, Y) = {(a, b, 6g(a, b)): a €
X, b € Y}. We write S(X) for P(X, X). (By definition, S(X) includes tuplegx, x, 0),
Vx € X.)

DerFINITION 3.1. LetG be ann-vertex weighted digraph without negative cycles and
let (X, T) be a tree decomposition &, with treewidtht. Then, fori € V(T), we define

y (i) = S(Xi).

The following lemma shows that we can compéita, b) by computing the product
of they values on the path ili between nodeisandj such that € X; andb € X;.

LEMmA 3.1. Let G, (X, T), and (i), fori € V(T), be as in Definition3.1. Let
v1,...,vpbeapathin TTheny(vy) o---oy(vp) = P(Xy,, Xy,).

PrROOF It is easy to show, from the definitions &(X, Y) and ofo, thatP(X,Y) o
P(Z,W) = {(x,w,d): x € X,w € W, disthe weight of the shortegtto w path that
includes a vertex itY N Z (this vertex may be or w)}.

We prove the lemma by induction om If p = 1, then the lemma holds by the
definition ofy (v1). If p > 1, then by the inductive hypothesis(vi) o - - - 0 y (vp-1) =
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P (X, Xy,_,)- By definition, y (vp) = S(X,,). By Proposition 2.1all paths from a
vertex in X,, to a vertex inX,, include a vertex fromX, , N X, . Hence, by the
characterization aboveR (X,,, X,, ;) o S(Xy,) = {(X,¥,8c(X,¥)): X € X,y €
va} = P(lea va)- O

The following lemma shows that we can efficiently computethealues for each
node of a tree-decomposition. The algorithm repeatedly shrinks the tree, by absorbing
the subgraphs corresponding to leaves. When the tree is reduced to a single node, the
algorithm computeg using brute force, for this node, since the distances are preserved
during absorption. Then it reverses the shrinking process and expands the tree, using the
y values already computed to computealues for the newly expanded nodes.

LEMMA 3.2. Let G be an n-vertex weighted digraph and(¥t T) be the tree decom-
position of G of treewidth t For each pair y v such that yv € X; for someie V(T),
let Dist(u, v) = §(u, v) and Int(u, v) = X, where x is some intermediate ver{eeither
u norv) on a shortest path from u to. (If wt(u, v) = §(u, v), then In{u, v) = null.)
Then in Ot3n) time, we can either find a negative cycle in G compute the values
Dist(u, v) and Int(u, v) for each such pair uv.

ProoOF Initially all the valueDist(u, v) are set tao andInt(u, v) to null. If (u, v) €
E(G), then seDist(u, v) = wt(u, v). We give an inductive algorithm.

We use induction otV (T)|. Choose a leaf, of T. Run the Floyd—Warshall algorithm
(see, e.g., pp. 148-149 of [2])—or the repeated shortest path approach based on the
Bellman—Ford algorithm [2, p. 145]—08[ X|] to computeapspPor to find a negative
cycle (if exists) inO(t3) time. If G[ X|] contains a negative cycle, then there is on&in
too, and we are done; so, we assume henceforti3p¥4t] does not contain a negative
cycle. Update the values for painsv € X, as follows: if the weight of the shortest path
found is less than the current value Dist(u, v), then seDist(u, v) to the new value
andInt(u, v) to any intermediate vertex on the shortest path foundt (L1, v) is equal
to the weight of the shortest path found, thenla&tu, v) = null.

If [V(T)| = 1, we are done. Otherwise remdvfom T and call the resulting tree
T'. LetV' = Uiy Xi and constructG’ by absorbingG[X] into G[V’], where
the weight of each added edge v) is dg[x,1(U, v). Then, for any vertices, v € V’,
8c/(U, v) = 8g(u, v), by Lemma 2.1. In particular, i contains a negative cycle, so
doesG’. Note that(X — X;, T’) is a tree-decomposition f@s’.

Inductively run the algorithm o®'. If a negative cycle is found i@’, then a negative
cycle in G can be found by replacing any edges added during the absorption by their
corresponding paths @[ X;]. Hence, we may assume tl@tdoes not contain a negative
cycle.

Fora, b € V/, Dist(a, b) = dg/(a, b) = §g(a, b), as desired. Int(a, b) = x # null,
thenx is an intermediate vertex on a shortagb b path inG’ and hence also i, as
desired. Ifint(a, b) = null, then(a, b) is a shortest path i&’. If wt(a, b) > Dist(a, b),
then this edge must have been added during the absorption. Correct théntédub)
by setting it to some intermediate vertex on the corresporaliogd shortest path found
in G[ X|]. After this, allInt values are correct fa, b € V.
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Construct a digrapls” by absorbings[V’] into G[ X], with each added edge, v)
having weightsg (u, v). By Lemma 2.18c/(X, y) = §c(X,Y), VX, ¥ € X;. Run the
Floyd—Warshall algorithm o” to recompute all pairs shortest paths. Update the values
Dist(a, b) andInt(a, b) for a, b € X, as before.

Fora,b € X, Dist(a,b) = dg/(a,b) = 8g(a, b) as desired. Foa,b € V' N X,
Int(a, b) is not changed sincPBist(a, b) is alreadyss(a, b). If eithera or b does not
belong toV’' N X, Int(a, b) = an intermediate vertex on a shortest patsihand hence
in G, orlInt(a, b) = null in which caseawt (a, b) = g (a, b). Thus, the values computed
are correct for all pairga, b which completes the induction. The time analysis follows
easily. O

The construction of a shortest path tree is given in the next theorem.

THEOREM3.1. Let G and(X, T) be as in Definitior8.1.Letse V(G). In O(t3n) time
we can compute a shortest path tree rooted.at s

PrOOF Using Lemma 3.2, we compuf®ist(u, v), for u, v such thatu, v € X;, for
somei € V(T). From this we can easily compuidi), Vi € V(T). Leti € V(T)
such thats € X;. Perform a depth-first-search (DFS) Dfstarting at vertex, storing
at each verte)j € V(T) the product of thes values on the path frofnto j. Since the
composition of twoy values can be computed @ (t%) time, the whole process takes
O(t3n) time.

Lety € V(G) and letj € V(T) such thaty € X;. By Lemma 3.1, the value stored
at vertexj during the DFS isP (X, Xj) which contains the tuplés, y, 6(s, y)). Thus,
we may assume that, for eaghe V(G), we have the valué(s, y). To construct the
shortest path tre&, we do the following: Starting witls, we check which vertices
adjacent tas satisfys (s, u) = wt(s, u). All such vertices are the children sin 7. We
proceed similarly with each one of these childrers.ofit a given point a subtreg™ of
T has been constructed and lebe any leaf of7 *. Then the children ofi in 7" will be
those vertices adjacent tas which satisfys (s, v) = §(s, u) + wt(u, v) andv ¢ 7*. It
is easy to see that such a vertex must exist, by considering a shortest patitéronf\
simple induction argument shows that the above procedure creates a shortest path tree
rooted ats. The above procedure for constructifigcan be carried out i©(n) time,
using a simple breadth-first-searchGnstarting ats. O

The following is now immediate from Fact 2.1, Lemma 3.2, and Theorem 3.1.

COROLLARY 3.1. Let G be an n-vertex weighted digraph of constant treewititien
in O(n) time we can either compute a shortest path tree rooted at a given vertex of G
or find a negative cycle in G

4. Shortest Path and Distance Queries. For a function f let fOm) = f(n);
fOm) = f(f9-D(ny),i > 1. Definelo(n) = [n/2] andlx(n) = min{j | 1;(n) <
1}, k > 1. The functiond(n) decrease rapidly dsincreases; note, for example, that
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[1(n) = [logn] andl>(n) = log* n. Finally, defineax(n) = min{j | Ij(n) < j}. The
following theorem was proved in [3] and [9].

THEOREM4.1. Lete be an associative operator defined on a sgsi&h that for gr

€ S, qer can be computed in On) time Let T be a tree with n nodes such that each
node is labeled with an element from Bhen (i) for each k> 1, after O(mnl(n))
preprocessingthe composition of labels along any path in the tree can be computed in
O(mk) time and (ii) after O(mn) preprocessingthe composition of labels along any
path in the tree can be computed i@ (n)) time

We use this in the proof of the following.

THEOREM4.2. Foranyintegert and any k 1,let G be an n-vertex weighted digraph
of treewidth at most,tiwhose tree-decomposition can be found im,Tt) time Then the
following hold (i) After O(t3nl,(n) 4+ T(n, t)) time and space preprocessjristance
queries in G can be answered in timet€k). (i) After O(t®n+ T (n, t)) time and space
preprocessingdistance queries in G can be answered in tim@%@(n)).

PrOOFE First, we compute the tree-decompositiof, T) of G. By Lemma 3.2, we
compute value®ist(u, v) for u, v such thau, v € X; for somei € V(T). From these
values, we can easily compugi), Vi € V(T). By Theorem 4.1 we preproce3s

so that product queries gncan be answered. Given a quanyp € V(G), leti, j be
vertices ofT such that e X; andv € Xj. We ask for the product of the values on the
path between andj. By Lemma 3.1, the answer to this query contains the information
abouts(u, v). The bounds follow easily by the ones given in Theorem 4.1 and by the
fact that the composition of any twovalues can be computed @(t3) time. O

THEOREM4.3. Foranyintegert and any k 1,let G be an n-vertex weighted digraph
of treewidth at most,tiwhose tree-decomposition can be found im,;t) time Then the
following hold (i) After O(t3nl(n) + T(n, t)) preprocessingwe can answer shortest
path queries in G in time Q*kL), where L is the number of edges of the reported path
(ii) After O(t3n + T (n, t)) preprocessingwe can answer shortest path queries in G in
time O(t*«(n)L), where L is the number of edges of the reported path

PrROOFE  We first compute a tree decompositiof, T) of G. In the preprocessing phase

we compute the following data structures. Using Lemma 3.2, we compute the values
Dist(u, v) andInt(u, v), for all pairsu,v € X;, for somei € V(T). From theDist
values, we computg(i), Vi € V(T). We use Theorem 4.2 to compute a data structure
in O(t3nl(n)) (or in O(t3n)) time so that distance queries can be answered in time
O(t3k) (or O(t3x(n))). Root the tre€T arbitrarily. Define, for each vertex € V(G),

h(v) to be the tree nodiesuch thatv € X; andi is the closest such node to the root of
the tree. Preprocedsso thath(v) can be found in constant time. Such a preprocessing
can easily be done with, say, a DFSTafFurther, preprocesE so that lowest common
ancestor (LCA) queries can be answered in constant time. Clearly, the time for the
preprocessing is dominated by the time required by Theorem 4.2.
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Let the query be for the shortest path betweendv. We first show that it is sufficient
to consider the case whéiu) is a descendant &f(v) in T, or vice versa. Suppos$egu)
and h(v) are not descendants of each other. Theni leé the LCA of the two. By
Proposition 2.1, a shortest path franto v passes through some vertex u, v in X;,
ands(u, v) = §(u, 2) + 8(z, v). By O(t) queries, we can find this vertevand then find
the shortest paths fromnto z and fromz to v, andh(u) andh(v) are both descendants
of h(z).

Therefore, assuntgu) is a descendant dif(v). (A similar argument holds whem(v)
is a descendant df(u).) The query algorithm first checkstufandv both belong tax;,
forsomei € V(T). In particular, if there exists such af, thenu andv appear together
in Xnw.- If they do, then, ifint(u, v) = null, the algorithm returns the edde, v). If
Int(u, v) = x # null, the algorithm recursively queries for the shortest paths fudm
x and fromx to v, and returns the concatenation of these two paths. Therefore, assume
thatu andv do not appear together in ad§y. Let p be the parent dfi(u) in T. Then, by
Proposition 2.1, there exists a verex X, such that a shortest path framto v passes
throughz, henceg(u, v) = é(u, 2) + 8(z, v). (Note thatz may bev.) This vertex can
be found withO(t) distance queries. The algorithm recursively queries for the shortest
paths fromu to z and fromz to v, and returns the concatenation of these two paths.

A simple induction shows that the query algorithm returns a pat®tfkL) (or
O(t*a(n)L)) time, whereL is the number of edges of the reported path. O

The following is immediate from Fact 2.1 and Theorems 4.2 and 4.3.

COROLLARY 4.1. Let G be an n-vertex weighted digraph of constant treewidth and let
k > 1 be any constant integefhen the following hold(i) After O(nl(n)) time and
space preprocessingdistance queries in G can be answered itkXxime while shortest
path queries can be answered in(ll.) time (where L is the number of edges of the
reported path. (ii) After O(n) time and space preprocessijristance queries in G can

be answered in Qx(n)) time while shortest path queries can be answered iiL&(n))

time (where L is the number of edges of the reported path

5. Dynamization. In this section we give our dynamic data structures and algorithms.
The following lemma about graph partitions plays a key role.

LEMMA 5.1. Givenann-vertexdigraph @ binary tree-decomposition of G of treewidth
t, and a positive integet < m < n, we canin O(t?n) timeg divide G into g< 16n/m
subgraphs Hi, ..., Hy, and construct another subgraph’ Buch that(i) H; has at most
tm vertices and a cut-set(€l;) of size at mos8t; (i) H’ is the induced subgraph on
verticesUiq:lC(Hi), augmented with edgésg, y), X,y € C(H;) foreachl <i <q;
and (iii) we have a binary tree decomposition of treewidth t for eactamtl a binary
tree decomposition for Hof treewidth3t.

PrROOF Let the binary tree-decomposition @fbe (X, T). Then, by Fact 2.1T has at
most 2 nodes. We partitiod into at most 16/m connected components, each with
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at mostm nodes, such that each component is connected with the rest of the tree via at
most three edges. Once we have done this, it is easy to get the desired graph partition.
For each componeiit, 1 <i < q, create a subgragh;, that is the induced subgraph of

G onthe vertices it J, .y (1, X, Note thafT; is a tree decomposition ¢f;. The number

of vertices inH; is at most |V (T;)| = tm. Letw,, vy, andvs be the nodes through which

T; is connected to the other components. TRER;) = X,, U X,, U X,,, andC(H;)

has at most Bvertices.H’ is constructed by constructing a clique 6xiH;) for each

1 <i < g. The tree decomposition fdd’ is constructed by shrinking each component

T; into a single node and assigning, = C(H;). Itis easily verified that this is a tree
decomposition oH’ of width 3t. Once the partition of is computed, the time required

to construct the cliques i8t)?q and the time for the remaining operations is bounded
by the size ofG, i.e., O(tn). To prove the lemma, it suffices to find the promised tree
partition in O(n) time.

We assign each node @f an initial weight of 1. A number of rounds ofgrouping
algorithm (to be described later) follow. Each round, corresponding to an execution of
the grouping algorithm, starts with@node binary tree with weights on the nodes. The
nodes are partitioned into at mogt,/3 + 1 groups of one, two, or three nodes such that
each group is (i) a connected component and (ii) connected to the rest of the tree via
at most three edges. If the combined weight of any group’s nodés is m, then we
shrink the corresponding connected component into a single vertex of Wiiglitose
neighbors are the (at most three) nodes that were adjacent to the connected component.
If the number of groups with weight more tharis greater thamp/8, we stop; otherwise
we proceed to the next round. Each round taReép) time, as shown later.

We now show that in each round, the number of nodes shrinks by a constant factor,
whichimplies that the total time taken@(n). Leti be the number of overweight groups,

i.e., with weight more tham. Since each of the other groups is shrunk to a single node
and each overweight group has at most three nodes, the number of nodes in the resulting
tree is at most @/3 4 1+ 2i. Sincei < p/8, this number is at most J¥12+ 1.

Atthe end, we havie > p/8. Since each of thiegroups has weight more tham and
the total weight of nodes in the tree is,2ve havemi < 2n, which impliesp < 16n/m.

The required partition is obtained by replacing each node by the connected component
that was shrunk into it during the above process. The construction ensures that each com-
ponent has at most nodes and is connected to the rest of the tree via at most three edges.

We now describe the grouping algorithm which runsQidp) time on a tree with
p nodes. Root the tree at any node of degree 1 or 2. Defutein to be a maximal
subpath, excluding the root, of a path from the root to a leaf which consists of only nodes
of degree 1 or 2. It is possible to identify, @(p) time, all the chains using, say DFS.

If the length (i.e., the number of nodes) of a chain is at least 2, then form groups of size
2 or 3 out of subchains, such that each node in the chain belongs to some group. If the
length of the chain is 1, then create a group for the parent of the node and put the node in
the same group with its parent. Any node that is not yet in some group must be a degree
3 node, or the root. Place it in a group by itself. These two steps can again be done in
O(p) time. It is easily verified that the groups thus formed are node-disjoint connected
components that are connected to the rest of the tree via at most three edges.

Let Tz, T, and T; denote the number of degree 3, 2, and 1 nodes, respectively, so
thatT; + T, + T; = p. Write R for the number of groups formed. Observe that each
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node of degree 1 or 2, excepting the root, is placed in a group of size at least 2.
Thus, the number of groups without any degree 3 node is at filest T; — 1)/2.

The number of groups with a degree 3 node is at nigsfThus, R is upper bounded

by the sumT; + (T, + T1 — 1)/24+1 = p— (T + T1 + 1)/2 + 1. On the other

hand, each degree 1 node, except possibly the root, is placed in a group with some other
node, soR is less thamp by at least the number of degree 1 nodes minus one. Hence,

R < p—T.+ 1. Itis an easy fact about binary trees that= T; — 2, which yields

21+ T,—2=p,0r,To+ Ty > p—Ti.HenceR < min{p— (T +T1 +1)/2+ 1, To+

T+ 1} <2p/3+1. O

Our dynamic algorithm works as follows. It divides the digraph into subgraphs with
disjoint edge sets and small cut-sets, and constructs another (smaller) digraph—the
reduced digraph—by absorbing each subgraph. The sizes of the subgraphs are chosen
so that the subgraphs and the reduced digraph both have size rQdghlie algorithm
then constructs a query data structure for each subgraph and for the reduced digraph.
Queries can be efficiently answered by querying these data structures. Since the edge
sets are disjoint, a change in the weight of an edge affects the data structure for only
one subgraph. Then the data structure of this subgraph is updated. This may result in
new distances between vertices in its cut-set, which appear in the reduced digraph as
changes in the weights of edges between these cut-set vertices. Since the cut-set is small,
the weights of only a few edges in the reduced digraph change. The data structure for
the reduced digraph is updated to reflect these changes. Thus an update in the original
digraph is accomplished by a small number of updates in subgraphs of/BiZ€his
idea is recursively applied below to further reduce the update time.

LetDyn(G, P, U, Q) denote a dynamic data structure for a digr&twhereO(P)
is the preprocessing time and space to be seQg) is the time to answer a distance
query, andO(U) is the time to update it after the modification of an edge-weight.

THEOREMS.1. For all positive integers,tr, given an n-vertex weighted digraph énd

a binary tree-decomposition of G of treewidtlwe can construct the following dynamic
data structures(i) Dyn(G, c't3n, ¢ t2n%/2"™ cZ t2¢(n)) and (i) Dyn(G, c"t3n Ik (n),
c2t2nW/2™ c2t2k) where c= 3 +2t.

PROOE We prove part (i). Part (ii) can be proved similarly. We use inductionm .on
Forr = 1, the basis is given by the static data structure of Theorem 4.2, with updates
implemented by simply recomputing the data structure.

We use the notatioD(G, n, r, t) for Dyn(G, ¢'t3n, ¢ t2n¥/2"" ¢ t2x(n)). As-
sume that the theorem holds for arty< r. We show how to construd@(G, n, r, t).

Use Lemma 5.1 (with parameter = 8,/n) to divide G into subgraph#is, ..., Hg,
g < 2./n, each with at mostt&/n vertices and construé¢t’ which has at mos3t)2./n
vertices. Defings; to beH; with all edges joining pairs of vertices in its cut-set deleted.
Define G’ to be H’ with edges(x, y) weightedsg, (X, y) for each pairx, y € C(G;),
1 <i < g. Replace multiple edges by the edge of minimum weight. Note &as
exactly the graph obtained by absorbi@g, G, ..., Gq into the rest of the graph. By
Lemma 2.1, it follows thadg (X, Y) = §c(X, y), VX, y € V(G').
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Letu € V(Gj), v € V(Gj) — V(Gi). Then any path froma to v must pass through a
vertex in each of the cut-sets G andG;. Then we havég(u, v) = min{ég, (U, X) +
8/ (X, Y) +8g, (¥, v): x € C(Gy), y € C(Gj)}. Similarly, foru, v € V(G;), we have
3 (U, v) = min{ég, (U, v), Min{sg, (U, X) + 8 (X, ¥) + 8¢, (Y, v): X,y € C(Gj)}}. Ifwe
are able to make queries of the foBg (x, y) andée (X, y), the above directly yields a
guery algorithm for any pair of vertices y.

Write n; for |V (Gj)| andn’ for |V (G’)|. Note that Lemma 5.1 also gives us a tree-
decomposition of treewidttfor each subgrapB;, and a tree-decomposition of treewidth
3t for G’. Thus we can inductively constru&(G;, nj,r — 1,t) for each 1< i < q,
which enables us to answer queries of the fégnix, y), andD(G’, n’, r —1, 3t), which
enables us to answer queries of the faxgn(x, y). The data structur®(G, n,r, t) is
the union of the above data structures.

The update procedure is the following: note tEa(G;) N E(G;j) = ¥, i # j, and
E(Gj) N E(G') = ¢, i.e., each edge o& belongs to exactly one of th&;’s or to
G'. Suppose the weight of an edge belonging3ois changed. Then we update the
data structure foiG;. This may result in new values fdg, (X, y), X,y € C(Gj).
We query the updated data structure 8gf(x,y), X,y € C(Gj), and change the
weights of the corresponding edges@®f updating the data structure f&' after each
change. That the procedure is correct follows from the fact that changing the weight
of an edge inG; does not changég, (X, Y), X,y € C(Gj), whenj # i. Thus, af-
ter we change, irG’, the cost of edgesx, y), X,y € C(Gj), we haveds (U, v) =
dg(u,v), u,v € V(G'), again, by repeated applications of Lemma 2.1. After the last
update, the data structure f@’ yields correct distances i, between vertices in
V (G’). Now suppose we change the weight of an edge belongi®j.tdhen the dis-
tancesig, (X, y) do not change. Thus, in this case, we simply update the data structure
for G'.

This completes the description of the preprocessing, query, and update algorithms.
Let the time taken for preprocessing, querying, and updddf@, n, r, t) be P(r, t)n,
Q(r, e (n), andU (r, H)n2'™  respectively. WritingN = max(n: 1 <i < q}, we
have the following recurrences:

q
Pmongﬂn+2}m—LoN+P«—meﬁ
i=1

A

Q(r, Ha(n) < (3)?2Q(r — L, Ha(N) + Q(r — 1, 3t ()],
U, Hn®™ < U@ — 1, H)N@2"?

+@02[QE ~ 1,ha(N) + U — 1,30 ¥ 7]

IA

The terms in the recurrence fét(r, t)n are for constructing th€&;’s and G us-
ing Lemma 5.1, for constructinB(G;, nj,r — 1,t) for eachG;, and for constructing
D(G/,n’,r — 1, 3t). The terms in the recurrence fQ(r, t)x(n) are for the two queries
in G; andG; and for the query it’, which have to be made for each pair of vertices, one
in the cut-set of5; and one ofG;. The terms in the update recurrence are for updating
Gj, and then updating the edgestn between vertices in the cut-setGf.

By constructionn’, N < 8t./n. The sum of the number of vertices in edghcannot
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exceed the number of vertices in the initial tree decompositiony §o, n; < 2tn.
Making these substitutions in the above recurrences and estimating gives:
t2’n+2tnP(r — 1,t) + 8t/nP(r — 1, 3t) < 9tP(r — 1, 3t)n,

(3)?[2Q(r — 1, a(8ty/N) + Q(r — 1, 3t)a(8ty/N)]
3(30)%Q(r — 1, 3t)a(n),

U@ —1,t)@8ty/m&2~

+ (BH2[Q(r — 1, Ha(8ty/N) + U (r — 1, 3t)(8t/n) 2]
(3H216tU (r — 1, 3t)nY/2" ",

P(r,t)n
Q(r, Ha(n)

IA

IATA

u(r, tyn®2"

IA

IA

It is easily verified that the claimed bounds satisfy the recurrences above. Thus we
can construcD(G, n, r, t), completing the induction. O

The algorithms described above give answers to distance queries only. We briefly
discuss now how they can be modified to answer path queries as well, iDticfa?k L)

(or O(c®t?La(n))). Itis clear, by the proof of Theorem 5.1, that if we are able to answer
shortest path queries in ar, and inG’, then we can answer a shortest path query
between any two verticesandy in G. Shortest path queries in a®; and inG’ are
answered by constructing recursively dynamic data structidi&, nj,r — 1,t) and
D(G/,n’,r — 1, 3t) (which now answer shortest path queries as well) in a similar way
to that described in the proof of Theorem 5.1. For the basis (), we simply use our
static data structures of Theorem 4.3.

We additionally maintain iD(G’, n’,r — 1, 3t) a pointerintg, (X, y) = z, for every
edge(x, y) in G/, wherez is an intermediate vertex in the shortest path froo y in
G andz belongs to thaG; which gives the minimum weight path betweemandy. If
Sa(X, y) = wt(X, y), we setlntg, (X, y) = null. Note that this additional information
can be easily computed during the preprocessing aind will help us to output the real
shortest path from its encoded versiorGh Intg, (x, y) will tell us which subgraph we
have to query in order to find the shortest path represented by the>edgen G’.

Hence, it remains to show how the above information is maintained during an update
operation. Assume that the weight of an edgeb) in G is modified. If this edge
belongs to som&;, then we update the data structureégst This will probably resultin
new shortest paths between vertigey in C(G;j). Then, by querying the updated data
structure ofG;, we change the weight of the corresponding edgé'inas well as the
value oflntg, (X, y), and update the data structure@f We repeat this for each such
pair x, y. If (a, b) belongs toG’, then we only update (as in the proof of Theorem 5.1)
the data structure a&’.

This completes the description of the modifications of our dynamic algorithms to
answer shortest path queries. The claimed query bound follows easily by a similar
analysis to that given in the proof of Theorem 5.1.

As a final remark to our dynamic algorithms, we note that before running an update
procedure after a change in the weight of an edge, we have to ensure that this change
does not create a negative cycleGn This can be easily tested as follows. Lat v)
be an edge with weightt (u, v) and letwt’(u, v) be its new weight. Clearly, the new
weightwt’(u, v) creates a negative cycle @ iff (v, u) + wt’(u, v) < 0. This test
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takes time proportional to that of findirdg (v, u) and hence does not affect our update
bounds.

We have therefore established the following theorem, whose proof follows directly
from the above discussion, Fact 2.1, and Theorem 5.1mdthl — log 8.

THEOREMb5.2. Let G be an n-vertex weighted digraph of constant treewidttk > 1
be any constant integeand letO < 8 < 1 be any constanfThen the following hold

(i) After O(nlg(n)) time and space preprocessijrdjstance queries in G can be an-
swered in Qk) time while shortest path queries can be answered itklD time
(where L is the number of edges of the reported path

(iiy After O(n) time and space preprocessirdjstance queries in G can be answered
in O(x(n)) time while shortest path queries can be answered i(L&(n)) time
(where L is the number of edges of the reported path

In both cases the data structures created during preprocessing can be updatéafin O
time after a modification of an edge weight or after an edge deletion
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