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Computing Mimicking Networks *
S. Chaudhurf, K. V. Subrahmanyari,F. Wagneg and C. D. Zaroliagis*

Abstract. A mimicking networkor a k-terminal network,N, is one whose realizable external flows are
the same as those df. Let S(k) denote the minimum size of a mimicking network fok-#erminal network.

In this paper we give new constructions of mimicking networks and prove the following results (the values
in brackets are the previously best known resulggt) = 5 [219], S(5) = 6 [2%2]. For bounded treewidth
networks we shovB(k) = O(k) [22], and for outerplanar networks we sh@k) < 10k — 6 [k225+2].

Key Words. Network flow, Maximum flow, Minimum cut, Multiterminal network, Realizable external flow,
Mimicking network.

1. Introduction. Network flows is a problem domain of fundamental importance in
computer science and other areas (e.g., operations research, engineering, etc.), having
a wealth of theoretical and practical applications [1]. One of the central (and classical)
problems in network flows is the characterization of the flow behavior of multiterminal
networks, i.e., networks witk > 2 terminals, first motivated and solved by Gomory and
Hu [8] and later improved and simplified by many others (see, e.g., [6], [7], and [14]). The
Gomory—Hu approach, as well as its subsequentimprovements and simplifications, deals
mainly with the case where every vertex of the network is a potential candidate for being
a terminal. However, there may be cases where the number of terminals is much smaller
than the number of vertices in the network; for example, in computing max-ftaims
cuts on networks that can be decomposed into subnetworks that share a small number of
vertices with the rest of the network. Such a situation appears in hierarchical methods
for integrated circuit layout problems: a circuit (network) is described and processed as a
collection of components (subnetworks), where each component is in turn described and
handled succinctly, i.e., in terms of the pins that connect it to the rest of the circuit [12].
Under this perspective, there is a recent, renewed interest in the problem of character-
izing the flow behavior of networks with a small (usually constant) number of terminals
[10]. More precisely, it was shown in [10] that foketerminal networkG, there is a set
of 2¢ inequalities that characterize the feasible flow values at the terminals (the external
flows). Moreover, it was shown that there exists a netwdnG) with 22 vertices, of
whichk are terminals, that has the same feasible external flo®s ke networkM (G)
is called themimicking networlof G. For constank this implies that the size d¥l (G) is
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bounded by a (maybe large) constant. Mimicking networks constituted the main building
block in the development of a linear time algorithm for computing a maxiradrfiow

in a bounded treewidth network [10] and for obtaining an optimal solution to the all-pairs
min-cut problem in the same class of networks [2].

A natural question is whether there are more efficient constructions of mimicking
networks, i.e., constructions such thist(G)| does not depend double-exponentially on
k, as this would immediately lead to more practical algorithms for all problems whose
solution is based on the existence of small mimicking networks.

This question was partially answered for outerplanar networks. More precisely, in [2]
it was proved that the mimicking netwoM (G,) of a k-terminal outerplanar network
G, has size&k?2¢t2, and moreoveM (G,) is also outerplanar. The outerplanarity of the
resulting mimicking network was crucial in the development of better algorithms for
computing ars-t min-cut and all-pairs min-cuts in planar networks [2] (an improvement
that cannot be achieved using the construction of mimicking networks given in [10]).

In this paper, we take a step forward in constructing smaller mimicking networks. We
have two types of results.

The first result concerns the case of general undirdctedminal networks for spe-
cific values ofk; namely, fork = 3, 4, 5. We show that any 3-terminal network has a
mimicking network consisting of three vertices, and any 4-terminal (resp. 5-terminal)
network has a mimicking network consisting of five (resp. six) vertices (Section 4). We
also prove that these constructions aptimal by showing that, for ank > 4, there
exists &-terminal network for which the mimicking network must have at least one ver-
tex in addition to thd terminals. We further provide necessary and sufficient conditions
for a vector of min-cut values to be realizable, i.e., whether the values of a given vector
represent min-cut values of a 3-, 4-, and 5-terminal network. Our approach is simple
and provides a new insight in the construction of mimicking networks. Our methods
are based on a result of independent interest (Section 3) concerning values of multisets
of min-cuts in arbitrank-terminal networks that seems to have further applications. In
particular, it can be used to prove a conjecture by Lengauer [12, Section 6.1.5] regarding
the problem of mimicking the cut properties of a hypergraph by a graph, a problem
arising in circuit partitioning (see Section 7 for details).

The second result concerns the case of (directed or undirected) bounded treewidth
networks. Informally, the treewidthis a parameter that indicates how close the structure
of the network is to a tree (see Section 2 for a formal definition). The class of bounded
treewidth networks—pioneered by the work of Robertson and Seymour [13] and contin-
ued by many others (see, e.g., [3]-[5])—includes outerplanar netwbek 2}, series—
parallel networkst(= 2), and networks with bounded bandwidth or cutwidth [3], [5].
For anyk-terminal bounded treewidth network, we give a construction of a mimicking
network of sizeO(k), where the constant in the Bi@-depends on the treewidth (Sec-
tion 5). For the special case of outerplanar networks, we provide further improvements.
We show that the size of the (outerplanar) mimicking network in this case is much smaller
than the one we get with the general method of bounded treewidth networks (Section 6).
For both the bounded treewidth and the outerplanar cases, our results are optimal up to
constant factors.

2. Preliminaries. The treatment in this section follows that in [2]. Wetworkis a
(directed or undirected) gragih = (V, E) with a nonnegative real capacityassociated
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with each edge € E. Theterminalsof G are the elements of a distinguished subset,
Q={q1, 2, ..., 0k}, Of its vertices. Aflowin G is an assignment of a honnegative real
value fo < ¢, to each edge such that the net flow out of each nonterminal vertex is
zero, where the net flow out of a vertex is the sum of flows on edges leaving the vertex
minus the sum of flows on edges entering the vertexedernal flow x= (xq, ..., Xk)

is an assignment of a real valugto each terminaty € Q, 1 < i < k. A realizable
external flowis an external flow such that there exists a flow in which the net flow out of
each terminaty is x;. A cut (S, S) is a partition of the vertices d into two subset$
andS = V\S; Sis called thedefining subsetf the cut. Thecapacityof the cut(S, S) is

the sum of capacities of edges going from verticeSta vertices inS. For a subseR of

Q, anR-separating cuis a cut(S, S) whereQ N S= R. A minimum Rseparating cut

(or justmin-cutwhenR is well understood from the context) is &iseparating cut of
minimum capacity. We denote the capacity of a minimRmseparating cut bipg. The
sum of the net flows out of the terminalskis called theR-valueof a flow. Amaximum
R-flowis a flow of maximumR-value. If Q = {s, t}, ans-t max-flowis a maximum
{s}-flow, and ans-t min-cutis a minimum{s}-separating cut.

Let (S, S) and (S, $) be two min-cuts in a networs whereQ NS, = R, and
QNS = Ry. We call these min-cutsqualif Ry = Ry, in the case wher6 is directed,
orif Ry = Ry or Ry = Q\ Ry, in the case wher€ is undirected. Two min-cuts that are
not equal are calledistinct A k-terminal directed network ha$ Blistinct min-cuts (two
of which are trivial), and &-terminal undirected network ha&2 — 1 distinct min-cuts
(since half of the ® — 2 min-cuts are equal).

Let G be a network with terminal s&). A network M (G) with terminal setQ’ is a
mimicking networKor G if there exists a bijection betwedd and Q' such that every
realizable external flow i is also realizable iM (G), and vice versa. The following
lemma is a reformulation of the results in [10].

LEMMA 1. Let G and G be two networks with the same terminal setT@en every
realizable external flow in G is also realizable in &and vice versgiff the capacities
of the minimum R-separating cuts are equal for alERQ.

To compute a mimicking network of a netwofk using either of the approaches in
[2] and [10], as well as the approaches described in this paper, we have to firfdl the 2
minimum R-separating cuts. This is done by the standard method of soltisg thax-
flow/min-cut problems in a netwoi®’ which consists o6 augmented with two vertices
s andt and edges of infinite capacity frogto every vertex irR and from every vertex
in Q\Rtot. However,G' may not preserve the structural properties (e.g., outerplanarity,
planarity, bounded treewidth) th& may have and which may be desirable for reasons
of efficiency. In Lemma 2.3 of [2] it was shown how to overcome this problem and find
the X minimum R-separating cuts by solving2* s-t max-flow/min-cut problems irG.
Therefore, we assume henceforth that thenhimum R-separating cuts are provided
to us with the input.

A separatorin a graph is a set of vertices which disconnects the graphGl et
(V(G), E(G)) be agraphantd C V(G) be a separator. L&f; andV, be a partition of
V(G)\U such that inG\U, there is no path from € V; tow € V, for anyv, w. LetG;
andG; be graphs such th&t(G;) = V,UU,V(G,) = V,UU,andE(G;)NE(Gy) = 9,
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E(G1) U E(Gy) = E(G). We sayG; and G, are subgraphs obtained bplitting G
atU.

Let Q € V(G) be the set of terminals db. Let Q; = VN QandQ, = VL, N Q.
Suppose we construct mimicking network(G;) for G; at terminalsQ; U U and
M (G,) for G, at terminalsQ, U U . We join M (G;) andM (G) by identifying, for each
u € U, the vertexinM (G1) corresponding ta with the vertex inM (G,) corresponding
to u. It was shown in [10] that the resulting network is a mimicking networkGoat
terminalsQ. We call this procesglueingthe mimicking networks together. The notions
of splitting andglueingwill be used extensively in Sections 5 and 6.

A tree decompositioaf a (directed or undirected) gragh= (V(G), E(G)) is a pair
(X, T), whereT = (V(T), E(T)) isatreeX is afamily{X;: i € V(T)} of subsets of
V (G) that coverV (G), and the following conditions hold:

e (edge mapping¥(v, w) € E(G), there exists ane V(T) with v € X; andw € X;.

e (continuity Vi, j, k € V(T), if j lies on the path fromtok in T, thenX; N Xy € X;,
or, equivalentlyYv € V(G), the nodegi € V(T): v € X;} induce a connected
subtree ofT .

Thewidth of the tree decomposition is max )| Xi| — 1. Thetreewidthof G is the
minimum width over all possible tree decompositiongof

Bodlaender [4] gave a@ (n) time algorithm that tests, for all constan¢ N, whether a
givenn-vertex graplG has treewidthx t and if so, computes atree decompositign T)
of G of width < t, where|V (T)| = n —t. Furthermore(X, T) can be converted into
another tree decompositi@ixX’, T") with width t, such thafT”’ is binary andV (T")| <
2(n —t). We call such a tree decompositiobiaary tree decomposition

Let G be ann-vertex graph of constant treewidth and (&t T) be its tree decompo-
sition of constant width. The edge mapping condition ensures that the endpoints of each
edge inG appear together in some 96t € X, belonging to vertex of T. Thus, in a
sense, each edge is represented in at least one verfexrafr our purposes, we need
to explicitly associate each edge @fwith exactly one vertex of . We will, therefore,
compute araugmenting functionthE(G) — V(T), satisfying the property that both
endpoints of an edge are presentin the set belonging to the vertex that the edge is mapped
to by h. More preciselyy(v, w) € E(G), {v, w} S Xnw,w). Any augmenting function
will suffice for our purposes. Itis easy to compute one such function, by doing a traversal
of T and assignindp(v, w) =i for eachi € V(T), if {v, w} C X;, (v, w) € E(G) and
h(v, w) has not yet been assigned a value. This takes time proportiopaltgr, | Xi 12,
which is O(n), since the tree decomposition is of constant width. The resulting tree
decomposition with the valuds(v, w), V(v, w) € E(G), is called amaugmented tree
decompositionThe discussion above is summarized as the following result.

LEMMA 2. Given an n-vertex graph G of constant treewidtivé can compute in ()
time an augmented binary tree decomposition of G of width t

3. A Fundamental Lemma. In the following, letw(c) denote the capacity of a cat
belonging to a (multi)se€ of cuts, and lew(C) = ) .- w(c). The next lemma plays
a central role in the paper.
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LEMMA 3. Let G = (V, E) be a network with k terminals;g...,q«. Let M =

{my, ..., mp} be a multiset of min-cuts in G and &} be the number of s, that sepa-
rate g and g. Let N be a second multiset of min-cuts with=N{n | i € {1,... ,k},r €
{1,...,u}},where eachh 1 <r < uj, separates gfrom all other terminalslf for all

i, J, Ui +uj < 8j,thenw(N) < w(M).

PrROOFE The intersection of all min-cuts iM induce a partition ofs into (disjoint)
subsetd) of V, which we callparts We consider each such péaitas a 0-1 vector of
length p, whereU[i] = 1 if U is a subset of the defining subsetrof, andU[i] = 0
otherwise.

Let 7! be the part that contairg (such a part always exists). Defing = {U |
H(ril, U)<r -1} forr € {1,...,u}, whereH is the Hamming distance of the two
vectors (i.e., the number of bits in which they differ) corresponding to the parts. The sets
7j satisfy the following two claims.

U

CLAaM 1. Foreveryl <i <k, ttcg?cC...C g

CLaM 2. Foranyi## j,anyre{l,...,ui}andanyse {1,...,u;}, rnf:(?).

The first claim follows directly from the definition ef . For the second claim, assume
that there is a pait| and rjs whose intersection is not the empty set. This means that
there is a part from the partition induced b which simultaneously has Hamming
distance — 1 < uj — 1 fromz! ands — 1 < u; — 1 from rjl. By the triangle inequality

this in turn implies thaH (ril, rjl) < u; +u; — 2. However, this contradicts the fact that

H(zl, rjl) = & > Ui + u;. Hence, Claim 2 is also true.
To complete the proof of the lemma, it suffices to show that

wiN) <w(N) :=w ({7 |i e{l,....kLr e{l,....u}}) <w(M).

We first showw(N) < w(N’). It follows from Claim 2, that every; contains only a
single terminal, namelyy,. Thus,w(z) > w(n{), for alli andr, sincen; is a min-cut.
Hencew(N) < w(N).

We now showw(N’) < w(M). By Claim 1, the sefN’ induces a partition o¥/
into (disjoint) vertex sets;!, ;2\, ..., % \n% L, i = 1,...,k, plus the set of the
remaining vertices, say*. For convenience, we assume in the following thfat= ¢.
There are three types of edges that are cut by the ciNs.in

Type-1 edges: are those edg@gsy) with x in somet \r{‘l andyin someris\ris‘l,
r#s,r,sef{l, ...,u}.

Type-2 edges: are those edgesy) with x in somer\r/ ~* andy in somer®\z>*,
wherei # j,r e {1,...,u},ands e {1,..., u;}.

Type-3 edges: are those edgesy) with x in someri’\r{*l andy in V*, where
ie{l,....,klandr e {1,...,u}.

Letus counthow many timesthe above edges are cut by (the cttsandM . A type-
1 edge is cut bN’ exactlys —r times (assuming without loss of generality that r).
By the triangle inequality we havd (x, y) > H(y, ) —H(X,q) =s—r.AsH(X, y)
is exactly the number of times such an edge is cutvbywe have shown the desired
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inequality in this case. A type-2 edge is cutldyexactlyu; — (r —1) +uj —(s—1) =

Ui +Uu; —r —s+2times, since itis cut only by thosg withr < a < u; and by thosefjb

with s < b < u;. By the generalized triangle inequality we ha¥e¢x, y) > H (g, 0j) —
H(@,x)—H(@,y) =68 - -1 —-(-1 =48 —r—-s+2>u+uj—r —s+2,
where the last inequality follows by the assumption of the theorem. Therefore, the type-2
edges are cut by at least as many times as they are culNdyFor the type-3 edges, we

can show (similarly to the type-1 edges) that they are cuvltat least as many times as

they are cut byN'.
Hence, in totaM cuts at least so many edgesN{sdoes, and consequently(N’) <
w(M). O

4. Mimicking k-Terminal Networks for k = 3,4, 5. Recall that ak-terminal un-
directed network has*2! — 1 distinct min-cuts. Throughout this section, we shall
use the following notation. The (at most 5-element) terminal set is denot€ll as
{A, B,C, D, E}. The capacities of the minimurR-separating cuts, foR € Q, will
be denoted asy = b{/_\}, B = b{B}, Yy = b{c}, S = b{[)}, g = b{E}, aff = b{A,B},
ay = b{A,C}, od = b{A,D}y ag = b{A,E}: By = b{B,C}y B = b{B,D}: Be == b{B,E}'
yé = b{C,D}y ye = b{C,E}: andée = b{D,E}-

For verticesX, Y of a mimicking networkM (G), we denote the capacity of the edge
XY by w(XY), and the capacity of a cut with defining subSdty w(S| S).

4.1. 3Terminal Networks LetG be a network with three terminafs, B, C. Note that
G has three distinct min-cuts whose valuesar@, andy .

THEOREM1. A 3-terminal network G with terminal sdtA, B, C} has a mimicking
network M(G) which is the complete graph on vertice&, B, C} with the following
capacities on its edges

wAB) =P~V LB =P "% and w(AC) =

at+y—B
2 2 ’

2

PrOOF First we have to show that the edge capacities are nonnegative. To show that
w(AB) > 0, it suffices to show that + 8 > y. Thisis true, because+8 > o =y (a

cut separating? from {B, C}, andB from { A, C} definitely separate€ from { A, B}).
Similarly, w(BC) > 0 andw(AC) > 0.

To complete the proof, we have to show that the conditions of Lemma 1 are satisfied.
We havew(A | BC) = w(AB) + w(AC) = (@ + B8 —y)/2+ (@ +y — B)/2 =«a.
Similarly, w(B | AC) = g andw(C | AB) = y. Hence, the conditions of Lemma 1 are
indeed satisfied and consequenlyfG) is a mimicking network of>. O

Let M be a vector with valuesa[ b, c]. It can be easily verified that these values
are realizable min-cut values of a 3-terminal network iff the following inequalities are
satisfieda+b > c,b+c> a,andc+a > b.
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4.2. 4Terminal Networks Let G be a network with four terminalé, B, C, D. Note
thatG has seven distinct min-cuts whose valuesaarg, y, 8, a8, ay, ad.

THEOREM2. A4-terminal network G with terminal s¢fA, B, C, D} has a mimicking
network M(G) which is the complete graph on vertices, B, C, D, Z}, where Z is an
additional vertexwith the following capacities on its edges

waB) = CHEE wao) = TR an) = T
we) = SR wep = FEEE wen = T
and w(ZA) = w(ZB) = w(ZC) = w(ZD) = A,
where A:(“5+°‘V+“5);(Ol+ﬂ+y+8).

PROOFE The capacities on the edges not incidentzoare all nonnegative as it was
shown in the proof of Theorem 1. The nonnegativity/offollows by Lemma 3 with

M = {a8, ay, «é} andN = {«, B8, y, §}. Hence, it remains to show that the conditions
of Lemma 1 are satisfied.

It can be easily verified that (A | BCDZ2) = a, w(B | ACDZ2) = 8, w(C |
ABDZ) =y, w(D | ABC2) =, and thatw(AB | CDZ) = w(ABZ | CD) = a8,
w(AC | BDZ) =w(ACZ| BD) =ay, w(AD | BCZ) = w(ADZ | BC) = ad. We
must also ensure that any other cut that separates a suljget®fC, D} from the rest
of terminals has value greater than or equal to these values. For example, we must have
w(AZ | BCD) > w(A | BCDZ2), which is true sincev(AZ | BCD) = a + 2A >
o = w(A | BCDZ2). The rest of the cuts can be checked in a similar way. Hence, the
conditions of Lemma 1 are satisfied and consequéet{) is a mimicking network
of G. O

Let M be a vector with valuesa[ b, c, d, ab, ac, ad]. It can be easily verified that
these values are realizable min-cut values of a 4-terminal network iff the following
inequalities are satisfied:-+b > ab,a+c¢ > ac,a+d >ad,b+c > ad,b+d > bd,
c+d=>abab+ac+ad>a+b+c+d.

4.3. 5Terminal Networks LetG be a network with five terminalg, B, C, D, E. Note
thatG has 15 distinct min-cuts whose values are8, v, 8, ¢, a8, ay, a8, ae, By, B3,
Be, v8, ye, andde.

THEOREM3. A 5-terminal network G with terminal s¢tA, B, C, D, E} has a mim-
icking network MG) which is the complete graph on six vertides B, C, D, E, Z},
where Z is an additional vertewith the following capacities on its edges

- - 5— as
wAB) = 2P ac) = DRV Ay = T

2
w(AE) = Lz—as’ w(BC):w’ w(BD):&Z_“’
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_ §—vyé _
w(BE) = M’ w(CD):u’ w(CE)ZM’

2 2 5

§+e—46
W(ZA) = AA:(aﬂ+ay+a8+a8);(2a+ﬂ+y+5+8)’
waB)=AB:@w+ﬂy+ﬁ&+m»;aﬁ+a+y+5+@’
8 G s
w@C):ACZWV+ﬂ%+V+y@2(y+a+ﬂ+ +@,
5+ B8+ 8+ 8e) — (28

w(ZDb) = pp= HAOAVIEID 2( tatftyie g
w(ZE) = AE:(a€+,38+)/8+58)—2(28—|—a+‘3+y+5).

PROOFE As before, the capacities of the edges not incideri ane all nonnegative as it
was shown in the proof of Theorem 1. Hence, it remains to showthat 0, Ag > 0,
Ac > 0, Ap > 0, andAg > 0. The first inequality follows immediately by Lemma 3
with M = {af, ay, ad, ae} andN = {o, «, B, y, §, e}. The rest of the inequalities can
be proved similarly.

Now, we have to satisfy the conditions of Lemma 1. Observeuitliat| BCDE 2) =
a (asrequired) and(AZ | BCDE) =a — Ap+ Ag + Ac + Ap + AEg. Since it must
hold thatw(AZ | BCDE) > w(A | BCDE 2), we have to show that

8} Ag+ Ac+ Ap + Ag > Ap

Also, notice thatw(AB | CDE 2) = af (as required) andv(ABZ | CDE) = a8 +
(Ac+ Ap+ Ag) — (Aa+ Ap). We have to guarantee that ABZ | CDE) > w(AB |
CDE?2),i.e., we have to show that

) Ac+Ap +Ag > Ap+ Ag

Note that (2) implies (1). By considering the rest of the cuts, we get a total of ten
inequalities symmetric to (2) (and which can be all proved in a similar way). Hence,
to complete the proof of the theorem, it suffices to show that (2) holds. As before, this
follows by Lemma 3 withM = {y§, y¢, 8¢} andN = {af, y, 8, &}. O

Let M be a vector with 15 values[..., e ab,...,ae bc, ..., be cd, ce d€. It
can be easily verified that these values are realizable min-cut values of a 5-terminal
network iff the following inequalities are satisfied:

a+b > ab, A+ Ap + A > Ay + A,
a+c > agc, Ag + A+ A = Ay + Ag,
a+d > ad, Af + AL+ A = AL + AR,
a+e>ae
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b+ ¢ > bc,
b+d > hbd,
b+ e> be
c+d > cd,
c+e>ce
d+e>de Ay + A+ Ag = Ap + Ag,

A, >0, A >0, Ag >0, Ap >0, A >0,

where

(ab+ac+ad+ae — (2a+b+c+d+e

5 s,
(ae+be+4ce+de) — (2e+a+b+c+d)

3 .

Ay =

Ap =

4.4. Optimality We now show that the preceding constructions of mimicking networks
are optimal. All we have to show is the next lemma.

LEMMA 4. There exists a k-terminal network for which the mimicking network must
have at least one vertex in addition to the k terminfdsany k> 3.

PROOF Assume that the netwoi® to be mimicked is a star (i.e., a tree of depth one)
where all vertices but the cent&r (root of the tree) are thk > 3 terminals. LetQ
denote the terminal set and let kledges have capacity 1. Hence, every min-cu®in
has a nonzero value.

Now assume contrary to the lemma that there is a mimicking net@rfor G
without additional vertices. Since there are no additional verticeS’jrwe must have
thatG’ contains exactlk vertices, where each vertex is a terminal. Take any two vertices
(terminals) inG’, say A andB. Then,w(AB | Q\{A, B}) = w(A | Q\{A}) + w(B |
Q\{B}) — 2w(AB), and sincé5’ is a mimicking network, this gives thag = o + 8 —
2w(AB), orw(AB) = (¢ + 8 — aB)/2. Sincek > 3,af = w(AZ) + w(BZ) = 2.
Hencew(AB) = (1+1-2)/2=0.

However, sinceA and B are any two terminals, this implies that every edge of the
mimicking network has capacity zero, which, in turn, implies that the value of every cut
in G’ is also zero; this contradicts the fact that all min-cut&ihave nonzero valueJ

5. Bounded Treewidth Networks. Let G be a network of bounded treewidth and
(X, T) its augmented binary tree decomposition. For a sublresf T, we define the
subgraphG’ spanned by T, as follows. The vertices d&’ are the vertices in the sets
associated with the vertices af, i.e., V(G) = UieV(T,) Xi. The edges oz’ are
those edges that the augmenting function maps to vertic&s, ine., E(G') = {e €

E(G): h(e) e V(T")}. Itis easy to check that vertex-disjoint subtrees span edge-disjoint
subgraphs. (In fact it is only to ensure this property that we introduce the augmenting
function.)
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THEOREM4. LetG be an-vertex network of treewidtiet Q € V (G) be the terminals
of G and let|Q| = k. Then we can construct a mimicking network for G at terminals
Q that has size at mosgk" ™.

ProOOF We useinduction ok. If k < 3(t +1), then the theorem follows from the result
in [10]. Assume the theorem holds flr < k. We will show that it holds for networks
with k terminals.

Let (X, T) be an augmented binary tree decompositio@ dRootT at some arbitrary
vertex of degree less than 3. We define the following notation. For a verée¥ (T),
let T,” denote the subtree df rooted atv, including the vertex, and letT,t denote
the subtreel \T, . DefineG; and G} to be the subgraphs spanned By and T,",
respectively. Defin®,; = QN V(G,) andQ} = QN V(G}).

Suppose we have a vertex,e V(T), such thai Q| < k and|Q;| < 3(t + 1).
Let w be the parent of. The continuity condition of tree decompositions ensures that
X, N X, is a separatoSplit the graph aiX, N X,, into G} andG; . By induction, we
construct a mimicking network of size at mat— 1)22"” for G} at terminalsQ;'.
Using the algorithm of [10], we construct a mimicking network of size at mést 2
for G, at terminalsQ; . Glueingthe two networks together yields a mimicking network
for G at terminalsQ of the required size.

To complete the proof, we only have to describe how to find such a vertest w be
avertex inT, with childrenl andr, such thatQ,| > 3(t + 1) (such a vertex must exist,
sincek > 3(t+1)). Letx = |Qﬂ(V(G|‘)\V(G|+))|, thatis,x is the number of terminals
of G that appear irG;” but not in G|+. Similarly, definey = |Q N (V(G/)\V(G/))|.
Without loss of generality, assume> y. Observe thax +y+|X,,| > |Q,| > 3(t+1).
Since|X,| < t+ 1, andx >y, we havex > t + 1. This implies thatQ,"| < k, since
QI <k —x+|X/| <k—x+t+1. Hence,iflQ/| < 3(t + 1), thenl is the vertexy
that we are seeking. Otherwise, we just repeat the argument wiitth its children. This
defines an algorithm to find the required vertex O

The above construction holds for both directed and undirected bounded treewidth
networks.

6. Outerplanar Networks. Outerplanar graphs have treewidth 2. Theorem 4 promises
a mimicking network of sizePk for an outerplanar network withterminals. In this sec-
tion, by arguing more carefully for outerplanar networks, we give a different construction
for mimicking networks of much smaller size.

6.1. The General Case For simplicity, we start with the case of undirected outerpla-

nar networks. The basic idea is as follows. Consider an embedding of the outerplanar
network. Then, the endpoints of any edge not adjacent to the outer face are a separator.
The proof shows how teplit the network at a number of such separators to olai)
subgraphs with the property that each has either three or four terminals (including its
separator vertices). The size upper bound followgleingtogether the mimicking
networks for these subgraphs.
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THEOREM5. Let G be an n-vertex undirected outerplanar network with terminal set
Q, where|Q| = k. Then in O(n) time we can constructi) a mimicking network of G

at Q with at mostLOk — 6 vertices (ii) an outerplanar mimicking network of G at Q
with at mos#d9k — 45 vertices

PrROOF  We startwith the case whe@is biconnected and treat later the non-biconnected
case. Fix an outerplanar embeddingdind triangulate its interior faces by adding edges

of zero capacity. Associate each edg&afith a single face of the embedding that is not

the outer face. One way to do this is to number the faces, giving the outer face the highest
number and associate each edge with the smaller numbered of the two faces adjacent to
it. Let D be the dual graph of this embedding. Deleting the vertéX torresponding to

the outer face yields a binary tree (since each interior face is a triangle), which we call
T. A subtreeS, of T, defines a subgrapB(S) of G in a natural wayG(S) is the union

of the edges associated with the faces that are the duals of the vertiges of

Let (u, v) be an edge of, and letT, andT, be the subtrees obtained by deleting
(u, v). We say(u, v) is aneffective edgé, vx € {u, v}, it holds thatG(Ty) contains a
terminal of G that G(T\Tx) does not contain. For a vertexof T, define itseffective
degreeto be the number of effective edges it is adjacent to. As an example, consider
Figure 1(a) which shows an outerplanar network with five terminals (black vertices) and
its associated binary trée (the edges off are shown with dashed lines). The number
next to a vertex inm denotes its effective degree.

We form groups of maximal connected subtree$ dliat do not contain any vertices
of effective degree 3. Shrinking each group into a single vertex by contracting edges
yields a binary tree we call’. We will show that inT’: (i) there are at modt leaves;
and (ii) no two vertices of degree less than 3 are adjacent.

To see (i), notice that a ledf, of T’, corresponds, iff, to a maximal subtree with
effective degree less than 3. Call this subtieeThe parent of must have effective
degree 3, which implies th&(T;) contains a terminal o not contained irG(T\T)).

Since the number of terminals Gfis k, (i) follows. Condition (ii) follows directly from
the maximality of the groups.

Conditions (i) and (ii) ensure that’ has at mosk — 2 degree 3 vertices, at most
k — 2 — 1 degree 2 vertices and at médeaves.

ForS, asubtree of’, let F (S) denote the subtree @fcorresponding to the vertices of
S. DefineH (S) = G(F(S)). Figure 1(b) shows the tré for the treeT of Figure 1(a).

The dotted lines denote the subgraph&i) andH (z) of G which include terminalsjs
andq;, respectively.

SinceT’ is obtained fronT by shrinking edges, there is a correspondence between the
edges ofT’ and a subset of the edgesTfi.e., those that were not contracted. We split
G into the following subgraphd (v), Vv € V(T'). For a subgrapht (v), we define
the terminals to be the endpoints of the duals of the edges adjaaeMtnconsider two
cases: ifF (v) is a vertex ofT with effective degree three, theh(v) is a face ofG with
three terminals. Otherwise, we spit(v) further to ensure that each resulting subgraph
has at most four terminals. Let be the number of terminals & contained inH (v)
that are not contained iH (T \v). Then we splitH (v) into at mostm + 1 subgraphs.

If m = 0, then there is nothing to be done. Hence assumteat least one. Construct
a new subgraph as follows:(v) is connected to the rest af by one or two effective
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(©) “

Fig. 1. Computing a mimicking network for an outerplanar network.

edges, by construction. Start at the endpoint of one of these exlgés effective edges

of F(v) form a path, since each vertex B{v) has at most two such edges adjacent to

it. Walk along this path until you encounter an edfjsuch that one of the endpoints

of its dual is a terminal of5 and is different from the two endpoints of the dual of

e. Let T; denote the subtree in betweerand f (not including either edge). Define
G(T,) to be a new subgraph whose terminals are the endpoints of the duaknof

f, which ensures that the subgraph has at most four terminals. Start the process again
with the next vertex, i.e., the other endpointfafNotice that we create a new subgraph
only when we encounter a new terminal, or when we exhaust the subtigeSince
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we can encounter at most new terminals, by hypothesis, we create at muost 1
subgraphs.

Let us illustrate this process on the tiEeof Figure 1(b). There are two vertices with
effective degree 3 resulting in a face @fwith three terminals; there are three leaves
(whose dual faces contain the termin@sqgs, andqy), all of which havem = 0; and
there are two vertices andz such that bothH (u) and H(z) contain a terminal, and
consequently have to be split once. Figure 1(c) shows the resulting subnetworks after
splitting. The bold edges show where the splits occurred and their endpoints are the
terminals of the subnetworks.

When we perform this process on all degree 2 vertices and leavéswe increase
the number of subgraphs by at méstHence the total number of subgraphs that we
split G into is at mostk — 2 subgraphs (that are faces) with three terminals, for the
effective degree 3 vertices, akd- 2 — 1+ k+k = 3(k— 1) subgraphs with at most four
terminals each for the other vertices. (In our example of Figure 1 we get a total of nine
subnetworks: two from the two vertices with effective degree 3, three from the leaves,
and four from the splitting oH (u) and H(z); see Figure 1(c).) Construct mimicking
networks for each subgraph with three terminals using Theorem 1 and for each subgraph
with four terminals using either Theorem 2, or Lemma 6 (Section 6.2) which states
that such a special 4-terminal subgraph has an outerplanar mimicking network of at
most 18 vertices. Glueing the different mimicking networks together yields the desired
mimicking network.

To bound the number of vertices in the resulting network, think of the glueing process
sequentially. That is, we start with one mimicking network and glue to it another that
shares separator terminals with it. We continue in this manner. Then, since each separator
has two vertices, every time we glue a new mimicking network withertices, we
increase the number of vertices ky- 2. The first network has at most five vertices,
after which we add one vertex for each 3-terminal mimicking network and (a) either
three vertices for every 4-terminal mimicking network (Theorem 2), or (b) 16 vertices
for every 4-terminal mimicking network (Lemma 6, Section 6.2). This yields a total of
5+(k—2)+3(3k—3) = 10k—6 forthe former case, and atotal ofk—2)+16(3k—3) =
49 — 45 for the latter case. It is easy to verify that the whole process t@kes
time.

We now discuss the case wheeeis not biconnected. First identify the articulation
vertices ofG (the vertices shared by two biconnected components) betan articu-
lation vertex. Ifv is a terminal, then do nothing. ifis not a terminal, then replaaeby
two verticesv; andv, connected by an edge of infinite capacity, and appropriately divide
the edges incident on betweenv; andwv, such that outerplanarity is preserved. Now,
proceed as before, i.e., start by finding the dual grajggh@tcluding the outer face. Since
G may still have articulation vertices (which are terminalB)is a forest. In this case,
work with every tree off and find a mimicking network for the biconnected component
it represents. Finally, glue together these mimicking networks at the articulation vertices
which are terminals to get a mimicking network Gt Clearly, neither the size of the
resulting mimicking network is affected, nor the time. O

In the case of directed outerplanar networks, we proceed in a similar fashion except
that now we have to use the directed version of Lemma 6 (Section 6.2), and a new 4-
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vertex mimicking network for a 3-terminal directed network. The need for the latter is
shown by the counterexample below.

As before, letA, B, andC be the terminals of a 3-terminal directed network. Observe
that there are six distinct min-cuts whose valuesarg, v, o8, oy, andgy.

CounterexampleAssume that a 3-terminal directed network has as a mimicking
network the complete (directed) graph on verti€¢8s B, C}. Then, we must have that
a+pB+y = w(AB) + w(AC) + w(BA) + w(BC) + w(CA) + w(CB) = af +
ay + By. Let the input 3-terminal directed network be a 4-vertex network with vertex
set{A, B,C, Z} and edge setAZ, BZ,CZ, ZA, ZB, ZC} with capacitiesw(AZ) =
w(BZ) = w(CZ) =2andw(ZA) = w(ZB) = w(ZC)=3. Thena + B+ y =6 #
9=af +ay + By.

Hence, a mimicking network for a 3-terminal directed network must have at least four
vertices. Such a 4-vertex network is described next (it seems that this construction was
known before [9], but never published). It has vertex{g&tB, C, Z}, whereZ is an
additional vertex, and edge §&Z, BZ, C Z, Z A, Z B, ZC} with capacitiesw(AZ) =
a,w(BZ) =8, w(CZ2) =y, w(ZA = By, w(ZB) = ay, andw(ZC) = af. It can
be easily verified (using Lemma 1) that this is indeed the required mimicking network.

Now, to find a mimicking network for a directed outerplanar network we follow the
method of Theorem 5, with the exception that when we need to glue together mimicking
networks we use a 42-vertex mimicking network (directed version of Lemma 6) for a
4-terminal network, and a 4-vertex mimicking network for a 3-terminal one. This yields
a mimicking network which is outerplanar and has a total-f&%k — 2) + 40(3k — 3) =
122 — 119 vertices. We have established the following.

THEOREMG6. Let G be an n-vertex directed outerplanar network with terminal set Q
where|Q| = k. Thenin O(n) time we can construct an outerplanar mimicking network
of G at Q with at mos122 — 119vertices

6.2. A Special Case To complete the proofs of Theorems 5 and 6, recall that we
have to find mimicking networks of 4-terminal outerplanar networks that have a special
structure. That is, two of the terminals, sAyD, are in the same interior face, they are
connected by an edge, and one of them is of degree 2. Similar conditions hold for the
other two terminalsB, C, too. LetG be such a network and |6 = {A, B, C, D}. Our
approach for finding a mimicking outerplanar network &frs based on that of [2] and

on a new property that we prove below.

For convenience, assume that the vertices afe numbered,2, . . ., nin clockwise
order along the boundary of the outer faigeof G. (Without loss of generality, assume
that A < B < C < D in this numbering.) Then, with [ j] we shall denote the interval
of vertices in clockwise order alonf}, from vertexi to vertexj, i.e., [i, j] denotes the
set{i,i +1,..., ]} of vertices, ifi < j, and it denotesi,i +1,...,n, 1 ...,j},if
i > j.Letachainbe the set of vertices determined by some inteiivgl][ We say that an
interval [i,, j2] is betweertwo intervals [, ji] and [is, j3] for whichiy < js,if j1 <i»
and j, <i3. The case wherg > j3 is defined similarly.

As observed in [2], any coloring of the vertices@fwvith green and red colors defines
a cut, namely, the cut separating the green vertices from the red ones. For &sab&et
of terminals, le{Sg, Sg) be a minimumR-separating cut. Color the vertices®{ green
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and those of5g red. A green unitis defined to be a maximal chain of green vertices,
and ared unitis defined analogously. Define tBapportof a green unit to be a green
terminal such that some (and therefore every) vertex in the unit has an undirected path,
consisting only of green vertices, to this terminal. Similarly, define the support of a red
unit. We say a green unit ismsupportedf no vertex in the unit has an undirected path,
consisting only of green vertices, to a green terminal. Define an unsupported red unit
analogously. A collection of unsupported units@nectedf there is an undirected path,
not including a vertex from any supported unit, between any two units of the collection.
In [2] it is proved that the cut obtained by changing the color of any maximal
monochromatic connected collection of unsupported units is also a miniRiseparat-
ing cut. Hence, these unsupported units can be “absorbed” by a neighboring monochro-
matic supported unit. To apply the linear-time method of [2], we need the following
lemma.

LEMMA 5. If G does not contain any unsupported uniten the defining setg®f any
minimum R-separating cut induces at most three units.in G

PrROOF We start by proving the following property, which plays a key role in the proof.

PROPOSITIONL. Each terminal in § supportgat mosj one unit in each ofA, B] and
[C. DI.

PROOFE Assume on the contrary that there are two ubitsU, in [A, B] supported
by a terminal inSg. Without loss of generality, assume that this is termifdand also
assume thaf € U;. This implies that there is a path (consisting only of vertices in
SR) from some vertexi; € U; to some vertexi; € U,. Since there are no unsupported
units in G, there must be at least one ubit betweenU; andU, that is supported by
aterminalX € S, i.e., there is a patlp’ (consisting only of vertices i8r) from X to
some vertex)’ € U’. However, the subgraph & induced by the boundary of the outer
face and the pathg and p’ is homeomorphic to the complete graph on the four vertices
uz, U, up, andX, which contradicts the outerplanarity 6f Hence, there is at most one
unit supported byA in [ A, B]. Similarly, we can prove that there is at most one unit in
[C, D]. O

The rest of the proof is a straightforward case analysis based on the number of
terminals inSz. Each case is proved using the above Proposition and arguments for
the violation of the outerplanarity d& (in a way similar to that given in the proof of
Proposition 1).

Casel: S contains only one terminal Then the proof of the lemma is obvious from
Proposition 1.

Case2: S contains two terminals There are 3 subcases to consider.
Case 2.1: Each terminal supports only one unit (eitheAing] or in [C, D]). Then
S induces 2 units irG.
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Case 2.2: Each terminal supports two units, oneAng] and the other inC, D].
Then no terminal ifSg can have a unit between each pair of the supported units iB]
or [C, D], since otherwise we would have a violation of the outerplanarit ofhis
implies that the pair of units in4, B] (resp. [C, D]) determine a single subinterval of
[A, B] (resp. [C, D]), since there are no unsupported units. Consequestiynduces
a single unit in A, B] and a single unit in€, D] yielding a total of two induced units
in G.

Case 2.3: One terminal supports one unit, sayAnB], and the other terminal
supports two units, one i, B] and the other in€, D]. Hence,S; induces three units
in G.

Case3: S contains three terminals Then two of them will beA, D or B, C. Since
A, D (resp.B, C) are connected by an edge, their supported units that incdyda
(resp.B, C) induce a single unit it6.

Assume without loss of generality that the three terminalsAgrB, D. If each of
them supports only one unit (either iA] B] or in [C, D]), thenSg induces two units in
G and we are done.

On the other hand, observe that all three terminals cannot support two umts in
since otherwise we would have a violation of the outerplanaritpfor example, if
A supports two units (one i4, B] and the other in€, D]), then D can support only
one unit (in [C, D]). Hence, at most two of the terminals can support two unit§jn
and let, without loss of generality, these two terminalsdendB. Then there is no unit
supported by terminal e Sz between the unit supported yin [C, D] and the unit
supported byD, or between the unit supported Byin [C, D] and the unit supported by
B in [C, D]. This implies thatSg induces a single unit inJ, D], which when appended
by the unit supported b in [ A, B], induce a single unit its. This along with the unit
supported byB in [A, B] yields a total of two units that are induced By in G for this
case.

The rest of the subcases are symmetric and follow similarly. O

We are now ready to prove the main result of this section.

LEMMA 6. Let G be the above defined speclalerminal outerplanar network with n
vertices Then in O(n) time we can construc(i) an outerplanar mimicking network for
G of at mostl8vertices if G is undirectegl (i) an outerplanar mimicking network for
G of at mos#2 verticesif G is directed

PrROOF We construct the mimicking network & using Lemma 5 and the approach in

[2]. Let m be the (distinct) minimuniR-separating cuts i, each one defining at most
three units from Lemma 5, and whose intersection defines a partition of the vertex set
of V into 3m chains. Contract (repeatedly) the edges between two vertices in the same
chain and replace multiple edges by a single edge of capacity equal to the sum of the
capacities of the edges it replaces. The resulting network is clearly outerplanar and has at
most 3n vertices. The construction can be done in ti@e@nn), wheren is the number
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of vertices inG. Note that ifG is directed, them = 2* — 2 = 14. If G is undirected,
thenm = 2*~1 — 1 = 7 which can be further reduced to 6, as we show next.

Define acutSg, Sg) to beconnectedh G, if both Sy andSg are connected. Otherwise,
(Sr, Sr) is calleddisconnectedCall a minimumR-separating cut aingleton cutif R
is a singleton. Consider the three minimiRyseparating cuts i for which R contains
two terminals. Observe th&Bap, Sap) is always connected an®ac, Sac) is always
disconnected. To prove that = 6, it suffices to show thatSac, Sac) can be expressed
in terms of two singleton cuts.

Assume without loss of generality th&c is disconnected. LeS;. and Si.. be
the two parts ofSyc, where the first containg and the second contai®s Note that
(She» She) isacutseparating from {B, C, D}. Hencew (Shc|She) > o = w(Sa|Sa).
Similarly, (Si¢, Sic) is a cut separating from {A, B, D}. Hencew (Sac|Sic) > v =
w(&|S). Thereforepy = w(Sac|Sac) = w(SiclSke) + w(SiclShe) = @ + 7.

On the other hand, we know thaty < « + y, since(Sac, Sac) is a min-cut.
Consequentlyyy = a + y, which implies that Sac, Sac) consists of the two singleton
min-cuts(Sa, Sa) and(S, S). This completes the proof of the lemma. O

7. Extensions of Our Results. Another important area of research is to mimic the cut
properties of a hypergrap by a graphG. This is called modeling of a hypergraph by

a graph with the same min-cut properties [11], [12] and is of particular importance on
partitioning circuits in layout problems. In this case, circuits are modeled as hypergraphs
and the task is to partition them according to a minimum cut of the hypergraph. However,
the existing partitioning algorithms are usually designed for (ordinary) graphs and be-
come very inefficient when applied to hypergraphs [15], mainly because all interesting
variants of the partitioning problem involving hypergraphs are NP-hard. Moreover, no
approximation algorithm exists for any of the hypergraph partitioning problems. For
this reason, an elegant and general method is to model hypergraphs by graphs with the
same min-cut properties and then apply the graph partitioning algorithms to the resulting
model [12, Section 6.1.5]. Note that in this case, it suffices to examine the existence of
graphs that model a single hyperedge with capacity 1. For if this is true, then we can
construct a model for an arbitrary hypergraph with positive hyperedge capacities by
multiplying the edge capacities by appropriate factors and putting together the models
for all the hyperedges.

A graphG = (VU D, E), where|V| = kand|D| = d > 0, is called amin-cut
modeffor a hyperedge with capacity 1 and vertex'¢&twhich is in 1-1 correspondence
with V, if for every nonemptyJ C V the capacity of any min-cut with defining subset
SD> U isequalto 1. U = ¢, then the capacity of the min-cut should be 0.

In [11] it is shown that there is no min-cut model for> 4 if negative capacities on
the edges o6 are not allowed. However, one can hope to find an approximate min-cut
model with positive edge capacities that is as balanced as possible, i.e., the quotient
between the capacity of the largest and the smallest min-cut that partitiamas small
as possible. More formally:

A graphG = (V U D, E), where|]V| = kand|D| = d > 0, with positive edge
capacities is called b-approximate min-cut modédr a hyperedge with capacity 1 and
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vertex seV’, whichisin 1-1 correspondence whf) if the quotient between the capacity
of the largest and the smallest min-cut separating a proper and nonemptyldudisét
from V\U is b. The quotienb is called thebalanceof the model.

Lengauer conjectures in Section 6.1.5 of [12] (see also Conjecture 6 of [11]) that
cligues without additional vertices (i.el,= 0) are the best balanced approximate min-
cut models. In the next theorem we show that Lengauer’s Conjecture is true.

THEOREM7 (Lengauer’s Conjecture).For a hyperedge with capacityand k vertices
there is no b-approximate min-cut model having a balance b smaller than that achieved
by the complete graph on k vertices and all edge capacities equalko— 1).

PrOOF Take a best approximate min-cut model, i.e., a graph kithd vertices and
positive edge capacities such that the quotient between the capdctiyof the largest
min-cut and the capacity (S) of the smallest min-cut is minimum.
Let M be the set o(k‘/‘z)/z min-cuts separatinky/2 of the terminals from the rest. Let
N be the multiset of thk min-cuts separating a single terminal from the rest, where each
one of the min-cuts is taken with multiplicity(k';z)/(8(k —1)). Now, invoke Lemma 3
with these two sets. It is not hard to verify that the conditions of Lemma 3 are fulfilled.
This implies that the capacity of tr(g‘;z)/z min-cuts inM is greater than or equal to

the capacity of thdxz(k';z)/(S(k — 1)) min-cuts inN. Hence, the capacity of the largest
min-cut in M, sayw(m), must be at least
K250/ Bk—1) k2
(kl;z)/ 2 4k—1)

times larger than the capacity of the smallest min-cuNinsay w(n). Consequently,
w(L)/w(S) > w(m)/w(n) > k?/(4(k — 1)). However, it can be easily verified that this
is exactly the quotient achieved by a cliquelowertices and all edge capacities equal
to 1/(k — 1), since the smallest min-cut in such a clique duts 1 edges and hence
has capacity 1, while the largest min-cut ckf® x k/2 edges and hence has capacity
k?/(4(k — 1)). O
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