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many existing algorithms. One of these recurring build-
ing blocks is the Fast Fourier Transform (FFT) algorithm.
The SFT algorithm offers a great efficiency improvement
over the FFT algorithm for applications where it suffices
to deal only with the significant Fourier coefficients. In
such applications, replacing the FFT building block with
the SFT algorithm accelerates the �(N logN) complexity
in each application of the FFT algorithm to pol y(logN)
complexity [1]. Lossy compression is an example of such
an application [1,5,8]. To elaborate, central component in
several transform compression methods (e. g., JPEG) is
to first apply Fourier (or Cosine) transform to the sig-
nal, and then discard many of its coefficients. To ac-
celerate such algorithms —instead of computing the en-
tire Fourier (or Cosine) transform—the SFT algorithm
can be used to directly approximate only the signifi-
cant Fourier coefficients. Such an accelerated algorithm
achieves compression guarantee as good as the original al-
gorithm (and possibly better), but with running time im-
proved to pol y(log N) in place of the former �(N logN).
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In the last forty years, there has been a tremendous
progress in the field of computer algorithms, espe-
cially within the core area known as combinatorial algo-
rithms. Combinatorial algorithms deal with objects such as
lists, stacks, queues, sequences, dictionaries, trees, graphs,
paths, points, segments, lines, convex hulls, etc, and con-
stitute the basis for several application areas including
network optimization, scheduling, transport optimization,
CAD, VLSI design, and graphics. For over thirty years,
asymptotic analysis has been themainmodel for designing
and assessing the efficiency of combinatorial algorithms,
leading to major algorithmic advances.

Despite so many breakthroughs, however, very little
had been done (at least until 15 years ago) about the prac-
tical utility and assessment of this wealth of theoretical
work. The main reason for this lack was the absence of
a standard algorithm library, that is, of a software library
that contains a systematic collection of robust and efficient
implementations of algorithms and data structures, upon
which other algorithms and data structures can be easily
built.

The lack of an algorithm library limits severely the
great impact which combinatorial algorithms can have.
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The continuous re-implementation of basic algorithms
and data structures slows down progress and typically dis-
courages people to make the (additional) effort to use an
efficient solution, especially if such a solution cannot be
re-used. This makes the migration of scientific discoveries
into practice a very slow process.

The major difficulty in building a library of combina-
torial algorithms stems from the fact that such algorithms
are based on complex data types, which are typically not
encountered in programming languages (i. e., they are not
built-in types). This is in sharp contrast with other com-
puting areas such as statistics, numerical analysis, and lin-
ear programming.

Key Results

The currently most successful algorithm library is LEDA
(Library for Efficient Data types and Algorithms) [4,5]. It
contains a very large collection of advanced data structures
and algorithms for combinatorial and geometric comput-
ing. The development of LEDA started in the early 1990s,
it reached a very mature state in the late 1990s, and it con-
tinues to grow. LEDA has been written in C++ and has
benefited considerably from the object-oriented paradigm.

Four major goals have been set in the design of LEDA.
1. Ease of use: LEDA provides a sizable collection of data

types and algorithms in a form that they can be read-
ily used by non-experts. It gives a precise and readable
specification for each data type and algorithm, which is
short, general and abstract (to hide the details of im-
plementation). Most data types in LEDA are parame-
terized (e. g., the dictionary data type works for arbi-
trary key and information type). To access the objects
of a data structure by position, LEDA has invented the
item concept that casts positions into an abstract form.

2. Extensibility: LEDA is easily extensible by means of
parametric polymorphism and can be used as a plat-
form for further software development. Advanced data
types are built on top of basic ones, which in turn rest
on a uniform conceptual framework and solid imple-
mentation principles. The main mechanism to extend
LEDA is through the so-called LEDA extension pack-
ages (LEPs). A LEP extends LEDA into a particular ap-
plication domain and/or area of algorithms that is not
covered by the core system. Currently, there are 15 such
LEPs; for details see [1].

3. Correctness: In LEDA, programs should give sufficient
justification (proof) for their answers to allow the user
of a program to easily assess its correctness. Many algo-
rithms in LEDA are accompanied by program checkers.
A program checker C for a program P is a (typically

very simple) program that takes as input the input of
P, the output of P, and perhaps additional information
provided by P, and verifies that the answer of P in in-
deed the correct one.

4. Efficiency: The implementations in LEDA are usually
based on the asymptotically most efficient algorithms
and data structures that are known for a problem. Quite
often, these implementations have been fine-tuned and
enhanced with heuristics that considerably improve
running times. This makes LEDA not only the most
comprehensive platform for combinatorial and geo-
metric computing, but also a library that contains the
currently fastest implementations.
Since 1995, LEDA is maintained by the Algorithmic

Solutions Software GmbH [1] which is responsible for its
distribution in academia and industry.

Other efforts for algorithm libraries include the Stan-
dard Template Library (STL) [7], the Boost Graph Li-
brary [2,6], and the Computational Geometry Algorithms
Library (CGAL) [3].

STL [7] (introduced in 1994) is a library of inter-
changeable components for solving many fundamental
problems on sequences of elements, which has been
adopted into the C++ standard. It contributed the itera-
tor concept which provides an interface between containers
(an object that stores other objects) and algorithms. Each
algorithm in STL is a function template parameterized by
the types of iterators upon which it operates. Any itera-
tor that satisfies a minimum set of requirements can be
used regardless of the data structure accessed by the itera-
tor. The systematic approach used in STL to build abstrac-
tions and interchangeable components is called generic
programming.

The Boost Graph Library [2,6] is a C++ graph library
that applies the notions of generic programming to the
construction of graph algorithms. Each graph algorithm
is written not in terms of a specific data structure, but in-
stead in terms of a graph abstraction that can be easily im-
plemented by many different data structures. This offers
the programmer the flexibility to use graph algorithms in
a wide variety of applications. The first release of the li-
brary became available in September 2000.

The Computational Geometry Algorithms Library [3]
is another C++ library that focuses on geometric comput-
ing only. Its main goal is to provide easy access to efficient
and reliable geometric algorithms to users in industry and
academia. The CGAL library started in 1996 and the first
release was in April 1998.

Among all libraries mentioned above LEDA is by far
the best (both in quality and efficiency of implemen-
tations) regarding combinatorial computing. It is worth
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mentioning that the late versions of LEDA have also in-
corporated the iterator concept of STL.

Finally, a notable effort concerns the Stony Brook Al-
gorithm Repository [8]. This is not an algorithm library,
but a comprehensive collection of algorithm implementa-
tions for over seventy problems in combinatorial comput-
ing, started in 2001. The repository features implementa-
tions coded in different programming languages, includ-
ing C, C++, Java, Fortran, ADA, Lisp, Mathematic, and
Pascal.

Applications

An algorithm library for combinatorial and geometric
computing has a wealth of applications in a wide variety of
areas, including: network optimization, scheduling, trans-
port optimization and control, VLSI design, computer
graphics, scientific visualization, computer aided design
and modeling, geographic information systems, text and
string processing, text compression, cryptography, molec-
ular biology, medical imaging, robotics and motion plan-
ning, and mesh partition and generation.

Open Problems

Algorithm libraries usually do not provide an interactive
environment for developing and experimenting with algo-
rithms. An important research direction is to add an in-
teractive environment into algorithm libraries that would
facilitate the development, debugging, visualization, and
testing of algorithms.

Experimental Results

The are numerous experimental studies based on LEDA,
STL, Boost, and CGAL, most of which can be found in the
world-wide web. Also, the web sites of some of the libraries
contain pointers to experimental work.

URL to Code

The afore mentioned algorithm libraries can be down-
loaded from their corresponding web sites, the details of
which are given in the bibliography (Recommended Read-
ing).
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The Arrow–Debreu exchange market equilibrium prob-
lem was first formulated by Léon Walras in 1874 [7]. In
this problem everyone in a population of m traders has an
initial endowment of a divisible goods and a utility func-
tion for consuming all goods – their own and others’. Ev-
ery trader sells the entire initial endowment and then uses
the revenue to buy a bundle of goods such that his or her
utility function is maximized.Walras asked whether prices
could be set for everyone’s goods such that this is possible.
An answer was given by Arrow and Debreu in 1954 [1]
who showed that, undermild conditions, such equilibrium
would exist if the utility functions were concave. In gen-
eral, it is unknown whether or not an equilibrium can be
computed efficiently, see, e. g.,� General Equilibrium.

Consider a special class of Arrow–Debreu’s problems,
where each of the n traders has exactly one unit of a di-
visible and distinctive good for trade, and let trader i,
i = 1; : : : ; n, bring good i, which class of problems is called
the pairing class. For given prices pj on good j, consumer


