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Negative Cycles in Weighted Digraphs

Open Problems

1. Is there a constant ratio approximation algorithm for
the nni distance on unweighted evolutionary trees or is
the O(log n)-approximation the best possible?

2. Is the linear-cost subtree-transfer distance NP-hard to
compute on weighted evolutionary trees if leaf labels
are not allowed to be non-unique?

3. Can one improve the approximation ratio for linear-
cost subtree-transfer distance on weighted evolutionary
trees?

Cross References

» Constructing a Galled Phylogenetic Network

» Maximum Agreement Subtree (of 2 Binary Trees)

» Maximum Agreement Subtree (of 3 or More Trees)

» Phylogenetic Tree Construction from a Distance
Matrix
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Problem Definition

Let G = (V, E) be an n-vertex, m-edge directed graph (di-
graph), whose edges are associated with a real-valued cost
function wt : E — R. The cost, wt(P), of a path P in G is
the sum of the costs of the edges of P. A simple path C
whose starting and ending vertices coincide is called a cy-
cle. If wt(C) < 0, then C s called a negative cycle. The goal
of the negative cycle problem is to detect whether there
is such a cycle in a given digraph G with real-valued edge
costs, and if indeed exists to output the cycle.

The negative cycle problem is closely related to the
shortest path problem. In the latter, a minimum cost path
between two vertices s and t is sought. It is easy to see that
an s-t shortest path exists if and only if no s-t path in G
contains a negative cycle [1,13]. It is also well-known that
shortest paths from a given vertex s to all other vertices
form a tree called shortest path tree [1,13].

Key Results

For the case of general digraphs, the best algorithm to
solve the negative cycle problem (or to compute the short-
est path tree, if such a cycle does not exist) is the classi-
cal Bellman—Ford algorithm that takes O(nm) time (see
e.g., [1]). Alternative methods with the same time com-
plexity are given in [4,7,12,13]. Moreover, in [11, Chap. 7]
an extension of the Bellman—Ford algorithm is described
which, in addition to detecting and reporting the existing
negative cycles (if any), builds a shortest path tree rooted
a some vertex s reaching those vertices # whose shortest s-
u path does not contain a negative cycle. If edge costs are
integers larger than —L (L > 2), then a better algorithm
was given in [6] that runs in O(m+/nlog L) time, and it is
based on bit scaling.

A simple deterministic algorithm that runs in
O(n?log n) expected time with high probability is given
in [10] for a large class of input distributions, where
the edge costs are chosen randomly according to the
endpoint-independent model (this model includes the
common case where all edge costs are chosen indepen-
dently from the same distribution).
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Better results are known for several important classes
of sparse digraphs (i.e., digraphs with m = O(n) edges)
such as planar digraphs, outerplanar digraphs, digraphs of
small genus, and digraphs of small treewidth.

For general sparse digraphs, an algorithm is given
in [8] that solves the negative cycle problem in
O(n + 71 log y) time, where 7 is a topological measure of
the input sparse digraph G, and whose value varies from 1
up to @(n). Informally, y represents the minimum num-
ber of outerplanar subgraphs, satisfying certain separation
properties, into which G can be decomposed. In partic-
ular, § is proportional to y(G) + g, where G is supposed
to be embedded into an orientable surface of genus y(G)
so as to minimize the number g of faces that collectively
cover all vertices. For instance, if G is outerplanar, then
7 = 1, which implies an optimal O(n) time algorithm for
this case. The algorithm in [8] does not require such an
embedding to be provided by the input. In the same pa-
per, it is shown that random G,,, graphs with threshold
function 1/n are planar with probability one and have an
expected value for 7 equal to O(1). Furthermore, an effi-
cient parallelization of the algorithm on the CREW PRAM
model of computation is provided in [8].

Better bounds for planar digraphs are as follows. If
edge costs are integers, then an algorithm running in
O(n*?log(nL)) time is given in [9]. For real edge costs,
an O(n log3 n)-time algorithm was given in [5].

An optimal O(n)-time algorithm is given in [3] for
the case of digraphs with small treewidth (and real edge
costs). Informally, the treewidth t of a graph G is a pa-
rameter which measures how close is the structure of
G to a tree. For instance, the class of graphs of small
treewidth includes series-parallel graphs (¢ = 2) and out-
erplanar graphs (¢ = 2). An optimal parallel algorithm for
the same problem, on the EREW PRAM model of compu-
tation, is provided in [2].

Applications

Finding negative cycles in a digraph is a fundamental com-
binatorial and network optimization problem that spans
a wide range of applications including: shortest path com-
putation, two dimensional package element, minimum
cost flows, minimal cost-to-time ratio, model verification,
compiler construction, software engineering, VLSI design,
scheduling, circuit production, constraint programming
and image processing. For instance, the isolation of neg-
ative feedback loops is imperative in the design of VLSI
circuits. It turns out that such loops correspond to nega-
tive cost cycles in the so-called amplifier-gain graph of the
circuit. In constraint programming, it is required to check

the feasibility of sets of constraints. Systems of difference
constraints can be represented by constraint graphs, and
one can show that such a system is feasible if and only if
there are no negative cost cycles in its corresponding con-
straint graph. In zero-clairvoyant scheduling, the prob-
lem of checking whether there is a valid schedule in such
a scheduling system can be reduced to detecting negative
cycles in an appropriately defined graph. For further dis-
cussion on these and other applications see [1,12,14].

Open Problems

The negative cycle problem is closely related to the shortest
path problem. The existence of negative edge costs makes
the solution of the negative cycle problem or the com-
putation of a shortest path tree more difficult and thus
more time consuming compared to the time required to
solve the shortest path tree problem in digraphs with non-
negative edge costs. For instance, for digraphs with real
edge costs, compare the O(nm)-time algorithm in the for-
mer case with the O(m + nlog n)-time algorithm for the
latter case (Dijkstra’s algorithm implemented with an effi-
cient priority queue; see e. g., [1]).

It would therefore be interesting to try to reduce the
gap between the above two time complexities, even for
special classes of graphs or the case of integer costs.

The only case where these two complexities coincide
concerns the digraphs of small treewidth [3], making it the
currently most general such class of graphs. For planar di-
graphs, the result in [5] is only a polylogarithmic factor
away from the O(n)-time algorithm in [9] that computes
a shortest path tree when the edge costs are non-negative.

Experimental Results

An experimental study for the negative cycle problem
is conducted in [4]. In that paper, several methods
that combine a shortest path algorithm (based on the
Bellman—Ford approach) with a cycle detection strategy
are investigated, along with some new variations of them.
It turned out that the performance of algorithms for the
negative cycle problem depends on the number and the
size of the negative cycles. This gives rise to a collection of
problem families for testing negative cycle algorithms.

A follow-up of the above study is presented in [14],
where two new heuristics are introduced and are incor-
porated on three of the algorithms considered in [4] (the
original Bellman—Ford and the variations in [13] and [7]),
achieving dramatic improvements. The data sets consid-
ered in [14] are those in [4].
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Data Sets

Data set generators and problem families are described
in [4], and are available from http://www.avglab.com/
andrew/soft.html.

URL to Code

The code used in [4] is available from http://www.avglab.
com/andrew/soft.html.

Cross References
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» All Pairs Shortest Paths via Matrix Multiplication
» Single-Source Shortest Paths
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Problem Definition

In this entry, the following two problems are considered:
1) the problem of finding an approximate Nash equilib-
rium in a positively normalized bimatrix (or two-player)
game; and 2) the smoothed complexity of finding an ex-
act Nash equilibrium in a bimatrix game. It turns out that
these two problems are strongly correlated [3].

Let G = (A,B) be a bimatrix game, where A = (a; ;)
and B = (b;,;) are both n x n matrices. Game G is said
to be positively normalized, if 0 < a;;,b; ; < 1 for all
1<i,j<n

Let P" denote the set of all probability vectors in R”,
i. e, non-negative vectors whose entries sum to 1. A Nash
equilibrium [8] of G = (A, B) is a pair of mixed strategies
(x* € P",y* € P") such that for all x,y € P",

x*)TAy* > xTAy* and (*)TBy* > (x*)"By,
while an e-approximate Nash equilibrium is a pair
(x* € P",y* € P") that satisfies

x*)TAy* > xTAy* —¢ and

x*)TBy* > (x*)TBy —¢, forall

\%

x,yeP".

In the smoothed analysis [11] of bimatrix games, a per-
turbation of magnitude o > 0 is first applied to the input
game: For a positively normalized n x n game G = (A, B),
let A and B be two matrices with
and bi,]‘ = E,‘,]‘+T'E

— A
ajj = ai,]-+ri,-

. Vi<ij<n,

i
while rf" i and rﬁ . are chosen independently and uni-
formly from interval [—o, o] or from Gaussian distribu-
tion with variance o2. These two kinds of perturbations
are referred to as o-uniform and o-Gaussian perturba-
tions, respectively. An algorithm for bimatrix games has
polynomial smoothed complexity (under o-uniform or o-
Gaussian perturbations) [11], if it finds a Nash equilibrium
of game (A, B) in expected time poly(#n, 1/0), for all (A, B).



