
Negative Cycles in Weighted Digraphs 1405

N

one must be obtainable from the other by a
subtree-transfer operation. When more than
one recombination occurs, one can describe an
evolutionary history using a list of evolutionary
trees, each corresponds to some region of the
sequences and each can be obtained by several
subtree-transfer operations from its predecessor
[6]. The computation of a linear-cost subtree-
transfer distance is useful in reconstructing such
a list of trees based on parsimony [5, 6].

Open Problems

1. Is there a constant ratio approximation
algorithm for the nni distance on unweighted
evolutionary trees or is the O(log n/-
approximation the best possible?

2. Is the linear-cost subtree-transfer distance NP-
hard to compute on weighted evolutionary
trees if leaf labels are not allowed to be
nonunique?

3. Can one improve the approximation ratio
for linear-cost subtree-transfer distance on
weighted evolutionary trees?
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Problem Definition

Let G D .V; E/ be an n-vertex, m-edge directed
graph (digraph), whose edges are associated with
a real-valued cost function wt W E ! R. The
cost, wt .P /, of a path P in G is the sum of the
costs of the edges of P. A simple path C whose
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starting and ending vertices coincide is called
a cycle. If wt .C / < 0, then C is called a negative
cycle. The goal of the negative cycle problem is
to detect whether there is such a cycle in a given
digraph G with real-valued edge costs, and if
indeed exists to output the cycle.

The negative cycle problem is closely related
to the shortest path problem. In the latter, a min-
imum cost path between two vertices s and t is
sought. It is easy to see that an s-t shortest path
exists if and only if no s-t path in G contains
a negative cycle [1, 13]. It is also well-known
that shortest paths from a given vertex s to all
other vertices form a tree called shortest path
tree [1, 13].

Key Results

For the case of general digraphs, the best algo-
rithm to solve the negative cycle problem (or to
compute the shortest path tree, if such a cycle
does not exist) is the classical Bellman�Ford
algorithm that takes O.nm/ time (see e.g., [1]).
Alternative methods with the same time complex-
ity are given in [4, 7, 12, 13]. Moreover, in [11,
Chap. 7] an extension of the Bellman�Ford algo-
rithm is described which, in addition to detecting
and reporting the existing negative cycles (if any),
builds a shortest path tree rooted a some vertex
s reaching those vertices u whose shortest s-u
path does not contain a negative cycle. If edge
costs are integers larger than �L (L � 2), then
a better algorithm was given in [6] that runs
in O.m

p
n log L/ time, and it is based on bit

scaling.
A simple deterministic algorithm that runs in

O.n2 log n/ expected time with high probabil-
ity is given in [10] for a large class of input
distributions, where the edge costs are chosen
randomly according to the endpoint-independent
model (this model includes the common case
where all edge costs are chosen independently
from the same distribution).

Better results are known for several important
classes of sparse digraphs (i.e., digraphs with
m D O.n/ edges) such as planar digraphs, out-
erplanar digraphs, digraphs of small genus, and
digraphs of small treewidth.

For general sparse digraphs, an algorithm is
given in [8] that solves the negative cycle problem
in O.n C Q�1:5 log Q�/ time, where Q� is a topolog-
ical measure of the input sparse digraph G, and
whose value varies from 1 up to �.n/. Infor-
mally, Q� represents the minimum number of out-
erplanar subgraphs, satisfying certain separation
properties, into which G can be decomposed. In
particular, Q� is proportional to �.G/ C q, where
G is supposed to be embedded into an orientable
surface of genus �.G/ so as to minimize the
number q of faces that collectively cover all
vertices. For instance, if G is outerplanar, then
Q� D 1, which implies an optimal O(n) time al-
gorithm for this case. The algorithm in [8] does
not require such an embedding to be provided
by the input. In the same paper, it is shown
that random Gn;p graphs with threshold function
1=n are planar with probability one and have an
expected value for Q� equal to O(1). Furthermore,
an efficient parallelization of the algorithm on the
CREW PRAM model of computation is provided
in [8].

Better bounds for planar digraphs are as fol-
lows. If edge costs are integers, then an algo-
rithm running in O.n4=3 log.nL// time is given
in [9]. For real edge costs, an O.n log3 n/-time
algorithm was given in [5].

An optimal O(n)-time algorithm is given in [3]
for the case of digraphs with small treewidth
(and real edge costs). Informally, the treewidth
t of a graph G is a parameter which measures
how close is the structure of G to a tree. For
instance, the class of graphs of small treewidth
includes series-parallel graphs (t D 2) and outer-
planar graphs (t D 2). An optimal parallel algo-
rithm for the same problem, on the EREW PRAM
model of computation, is provided in [2].

Applications

Finding negative cycles in a digraph is a funda-
mental combinatorial and network optimization
problem that spans a wide range of applications
including: shortest path computation, two dimen-
sional package element, minimum cost flows,
minimal cost-to-time ratio, model verification,
compiler construction, software engineering,
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VLSI design, scheduling, circuit production,
constraint programming and image processing.
For instance, the isolation of negative feedback
loops is imperative in the design of VLSI circuits.
It turns out that such loops correspond to negative
cost cycles in the so-called amplifier-gain graph
of the circuit. In constraint programming, it
is required to check the feasibility of sets of
constraints. Systems of difference constraints
can be represented by constraint graphs, and
one can show that such a system is feasible if
and only if there are no negative cost cycles
in its corresponding constraint graph. In zero-
clairvoyant scheduling, the problem of checking
whether there is a valid schedule in such
a scheduling system can be reduced to detecting
negative cycles in an appropriately defined
graph. For further discussion on these and other
applications see [1, 12, 14].

Open Problems

The negative cycle problem is closely related
to the shortest path problem. The existence
of negative edge costs makes the solution of
the negative cycle problem or the computation
of a shortest path tree more difficult and
thus more time consuming compared to the
time required to solve the shortest path tree
problem in digraphs with non-negative edge
costs. For instance, for digraphs with real edge
costs, compare the O.nm/-time algorithm in
the former case with the O.m C n log n/-time
algorithm for the latter case (Dijkstra’s algorithm
implemented with an efficient priority queue; see
e.g., [1]).

It would therefore be interesting to try to
reduce the gap between the above two time com-
plexities, even for special classes of graphs or the
case of integer costs.

The only case where these two complexities
coincide concerns the digraphs of small
treewidth [3], making it the currently most
general such class of graphs. For planar digraphs,
the result in [5] is only a polylogarithmic factor
away from the O(n)-time algorithm in [9] that
computes a shortest path tree when the edge
costs are non-negative.

Experimental Results

An experimental study for the negative cycle
problem is conducted in [4]. In that paper, several
methods that combine a shortest path algorithm
(based on the Bellman�Ford approach) with a cy-
cle detection strategy are investigated, along with
some new variations of them. It turned out that the
performance of algorithms for the negative cycle
problem depends on the number and the size of
the negative cycles. This gives rise to a collection
of problem families for testing negative cycle
algorithms.

A follow-up of the above study is presented
in [14], where two new heuristics are introduced
and are incorporated on three of the algorithms
considered in [4] (the original Bellman�Ford and
the variations in [13] and [7]), achieving dramatic
improvements. The data sets considered in [14]
are those in [4].

Data Sets

Data set generators and problem families are
described in [4], and are available from http://
www.avglab.com/andrew/soft.html.

URL to Code

The code used in [4] is available from http://
www.avglab.com/andrew/soft.html.
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Problem Definition

Over the last few decades, a wide variety of
networks have emerged. The general structure
of these networks including their global con-
nectivity properties has been studied extensively.
On the other hand, strategic aspects of them
are also very interesting to explore by consid-
ering the nodes as independent agents. The ex-
citing area of network creation games attempts
to understand how real-world networks (such as
the Internet) develop when multiple independent
agents (e.g., ISPs) build pieces of the network to
selfishly improve their own objective functions
which heavily depend on their connectivity prop-
erties.

We start by elaborating on these connectivity
objectives and its relation to the global design
and structure of the network. Network design is
a fundamental family of problems at the intersec-
tion between computer science and operations re-
search, amplified in importance by the sustained
growth of computer networks such as the Inter-
net. Traditionally, the goal is to find a minimum-
cost (sub) network that satisfies some specified
property such as k-connectivity or connectivity
on terminals (as in the classic Steiner tree prob-
lem). Such a formulation captures the (possibly
incremental) creation cost of the network but does
not incorporate the cost of actually using the
network. By contrast, network routing has the
goal of optimizing the usage cost of the network
but assumes that the network has already been
created. The network creation game attempts to
unify the network design and network routing
problems by modeling both creation and usage
costs. Specifically, each node in the system is
an independent selfish agent that can create a
link (edge) to any other node, at a cost of ˛.
In addition to these creation costs, each node
incurs a usage cost related to the distances to
the other nodes. In the model introduced by


