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(see [3] and the references therein). The best
running time for learning DNF formulas is
2

QO.n1=3/ as given by Klivans and Servedio [9].
It is unclear if membership queries help in this
case.
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Problem Definition

In the last forty years, there has been a tremen-
dous progress in the field of computer algorithms,
especially within the core area known as com-
binatorial algorithms. Combinatorial algorithms
deal with objects such as lists, stacks, queues, se-
quences, dictionaries, trees, graphs, paths, points,
segments, lines, convex hulls, etc, and constitute
the basis for several application areas including
network optimization, scheduling, transport opti-
mization, CAD, VLSI design, and graphics. For
over thirty years, asymptotic analysis has been
the main model for designing and assessing the
efficiency of combinatorial algorithms, leading to
major algorithmic advances.

Despite so many breakthroughs, however, very
little had been done (at least until 15 years ago)
about the practical utility and assessment of this
wealth of theoretical work. The main reason for
this lack was the absence of a standard algorithm
library, that is, of a software library that contains
a systematic collection of robust and efficient im-
plementations of algorithms and data structures,
upon which other algorithms and data structures
can be easily built.

The lack of an algorithm library limits
severely the great impact which combina-
torial algorithms can have. The continuous
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re-implementation of basic algorithms and data
structures slows down progress and typically
discourages people to make the (additional)
effort to use an efficient solution, especially if
such a solution cannot be re-used. This makes the
migration of scientific discoveries into practice
a very slow process.

The major difficulty in building a library of
combinatorial algorithms stems from the fact that
such algorithms are based on complex data types,
which are typically not encountered in program-
ming languages (i.e., they are not built-in types).
This is in sharp contrast with other computing
areas such as statistics, numerical analysis, and
linear programming.

Key Results

The currently most successful algorithm library
is LEDA (Library for Efficient Data types and
Algorithms) [4, 5]. It contains a very large collec-
tion of advanced data structures and algorithms
for combinatorial and geometric computing. The
development of LEDA started in the early 1990s,
it reached a very mature state in the late 1990s,
and it continues to grow. LEDA has been written
in CCC and has benefited considerably from the
object-oriented paradigm.

Four major goals have been set in the design
of LEDA.

1. Ease of use: LEDA provides a sizable collec-
tion of data types and algorithms in a form
that they can be readily used by non-experts.
It gives a precise and readable specification for
each data type and algorithm, which is short,
general and abstract (to hide the details of im-
plementation). Most data types in LEDA are
parameterized (e.g., the dictionary data type
works for arbitrary key and information type).
To access the objects of a data structure by
position, LEDA has invented the item concept
that casts positions into an abstract form.

2. Extensibility: LEDA is easily extensible by
means of parametric polymorphism and can
be used as a platform for further software
development. Advanced data types are built

on top of basic ones, which in turn rest on
a uniform conceptual framework and solid
implementation principles. The main mecha-
nism to extend LEDA is through the so-called
LEDA extension packages (LEPs). A LEP
extends LEDA into a particular application
domain and/or area of algorithms that is not
covered by the core system. Currently, there
are 15 such LEPs; for details see [1].

3. Correctness: In LEDA, programs should
give sufficient justification (proof) for their
answers to allow the user of a program to
easily assess its correctness. Many algorithms
in LEDA are accompanied by program
checkers. A program checker C for a program
P is a (typically very simple) program that
takes as input the input of P, the output of P,
and perhaps additional information provided
by P, and verifies that the answer of P in
indeed the correct one.

4. Efficiency: The implementations in LEDA
are usually based on the asymptotically
most efficient algorithms and data structures
that are known for a problem. Quite
often, these implementations have been
fine-tuned and enhanced with heuristics
that considerably improve running times.
This makes LEDA not only the most
comprehensive platform for combinatorial
and geometric computing, but also a library
that contains the currently fastest implemen-
tations.

Since 1995, LEDA is maintained by the Al-
gorithmic Solutions Software GmbH [1] which is
responsible for its distribution in academia and
industry.

Other efforts for algorithm libraries include
the Standard Template Library (STL) [7], the
Boost Graph Library [2, 6], and the Computa-
tional Geometry Algorithms Library (CGAL) [3].

STL [7] (introduced in 1994) is a library of
interchangeable components for solving many
fundamental problems on sequences of elements,
which has been adopted into the CCC standard.
It contributed the iterator concept which pro-
vides an interface between containers (an object
that stores other objects) and algorithms. Each
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algorithm in STL is a function template param-
eterized by the types of iterators upon which it
operates. Any iterator that satisfies a minimum set
of requirements can be used regardless of the data
structure accessed by the iterator. The system-
atic approach used in STL to build abstractions
and interchangeable components is called generic
programming.

The Boost Graph Library [2, 6] is a CCC
graph library that applies the notions of generic
programming to the construction of graph algo-
rithms. Each graph algorithm is written not in
terms of a specific data structure, but instead in
terms of a graph abstraction that can be easily im-
plemented by many different data structures. This
offers the programmer the flexibility to use graph
algorithms in a wide variety of applications. The
first release of the library became available in
September 2000.

The Computational Geometry Algorithms Li-
brary [3] is another CCC library that focuses
on geometric computing only. Its main goal is
to provide easy access to efficient and reliable
geometric algorithms to users in industry and
academia. The CGAL library started in 1996 and
the first release was in April 1998.

Among all libraries mentioned above LEDA is
by far the best (both in quality and efficiency of
implementations) regarding combinatorial com-
puting. It is worth mentioning that the late ver-
sions of LEDA have also incorporated the iterator
concept of STL.

Finally, a notable effort concerns the Stony
Brook Algorithm Repository [8]. This is not
an algorithm library, but a comprehensive col-
lection of algorithm implementations for over
seventy problems in combinatorial computing,
started in 2001. The repository features imple-
mentations coded in different programming lan-
guages, including C, CCC, Java, Fortran, ADA,
Lisp, Mathematic, and Pascal.

Applications

An algorithm library for combinatorial and ge-
ometric computing has a wealth of applications
in a wide variety of areas, including: network

optimization, scheduling, transport optimization
and control, VLSI design, computer graphics, sci-
entific visualization, computer aided design and
modeling, geographic information systems, text
and string processing, text compression, cryp-
tography, molecular biology, medical imaging,
robotics and motion planning, and mesh partition
and generation.

Open Problems

Algorithm libraries usually do not provide an in-
teractive environment for developing and experi-
menting with algorithms. An important research
direction is to add an interactive environment into
algorithm libraries that would facilitate the devel-
opment, debugging, visualization, and testing of
algorithms.

Experimental Results

There are numerous experimental studies based
on LEDA, STL, Boost, and CGAL, most of
which can be found in the world-wide web. Also,
the web sites of some of the libraries contain
pointers to experimental work.

URL to Code

The afore mentioned algorithm libraries can be
downloaded from their corresponding web sites,
the details of which are given in the bibliography
(Recommended Reading).
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Problem Definition

Lossless data compression is concerned with
compactly representing data in a form that allows
the original data to be faithfully recovered.
Reduction in space can be achieved by exploiting
the presence of repetition in the data.

Many of the main solutions for lossless data
compression in the last three decades have been
based on techniques first described by Ziv and
Lempel [22,33,34]. These methods gained popu-
larity in the 1980s via tools like Unix compress
and the GIF image format, and today they per-
vade computer software, for example, in the zip,
gzip, and lzma compression utilities, in modem
compression standards V.42bis and V.44, and as
a basis for the compression used in information
retrieval systems [8] and Google’s BigTable [4]
database system. Perhaps the primary reason for
the success of Lempel and Ziv’s methods is their
powerful combination of compression effective-
ness and compression/decompression through-
put. We refer the reader to [3, 29] for a review of
related dictionary-based compression techniques.

Key Results

Let SŒ1 : : : n� be a string of n symbols drawn
from an alphabet ˙ . Lempel-Ziv-based compres-
sion algorithms work by parsing S into a se-
quence of substrings called phrases (or factors).
To achieve compression, each phrase is replaced
by a compact representation, as detailed below.

LZ78
Assume the encoder has already parsed
the phrases S1; S2; : : : ; Si�1, that is, S D
S1S2 : : : Si�1S 0 for some suffix S 0 of S . The
LZ78 [34] dictionary is the set of strings
obtained by adding a single symbol to one of
the strings Sj or to the empty string. The next
phrase Si is then the longest prefix of S 0 that
is an element of the dictionary. For example,
S D bbaabbbabbabbaab has an LZ78 parsing
of b, ba, a, bb, bab, babb, aa, b. Clearly, all
LZ78 phrases will be distinct, except possibly the
final one. Let S0 denote the empty string. If Si =
Sj ˛, where 0 � j < i and ˛ 2 ˙ , the code word
emitted by LZ78 for Si will be the pair .j; ˛/.
Thus, if LZ78 parses the string S into y words, its
output is bounded by y log y C y log j˙ j C �.y/

bits.


