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Abstract. We present a number of results for elementary operations
concerning the areas of data structures, computational geometry, graph
algorithms and string algorithms. Especially, we focus on elementary operations like the dictionary operations, list manipulation, priority queues,
temporal precedence, ﬁnger search, nearest common ancestors, negative cycle, 3-sided queries, rectangle enclosure, dominance searching,
intersection queries, hidden line elimination and string manipulation.

1

Introduction

We consider a number of results derived in the last 25 years in the theory of
eﬃcient algorithms. For each of them, we present the main ideas, the main
theorems, and we follow the path of their impact in the research community. We
intentionally avoid technical descriptions and strictly mathematical deﬁnitions
and we appoint them in a plausible manner. For each kind of the operations we
oﬀer a separate section with the respective references.
The model of computation we consider is the Pointer Machine (PM-machine),
the Pure Pointer Machine (PPM-machine), and the Random-Access Machine
(RAM-machine). In a pointer machine, memory consists of a collection of
records. Each record consists of a ﬁxed number of cells. The cells have associated types, such as pointer, integer, real, and access to memory is only
possible by ”pointers”. In other words, the memory is structured as directed
graph with bounded out-degree. The edges of this graph can be changed during
execution. Pointer machines correspond roughly to high-level programming languages without arrays. This PM-machine allows arithmetic capabilities on the
content of data ﬁelds. In case that no arithmetic capabilities are allowed, we
get the Pure Pointer Machine. The instruction set of the PPM-Machine consists
of two types of instructions-pointer manipulation and control management. In
contrast, the memory of a RAM consists of an array of cells. A cell is accessed
through its address and hence address arithmetic is available. We assume in all
the models that storage cells can hold arbitrary numbers and that the basic
arithmetic and pointer operations take constant time. This is called the uniform
cost assumption. All our machines are assumed to be deterministic.
Three types of complexity analysis are customary in the algorithms area:
worst-case analysis, average-case analysis and amortized analysis. In a worstcase analysis worst-case bounds are derived for each single operation. This is
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the most frequent type of analysis. In an average-case analysis, we postulate a
probability distribution on the operations of the abstract data type and computes
the expected cost of the operations under this probability assumption. In an
amortized analysis, we study the worst-case cost of a sequence of operations.
The externalization of a known data structure is the transformation of this
data structure in such a way, that it can handle the same operations in an
eﬃcient way in case that the ﬁle handled cannot be stored entirely in the main
memory. In this case, we have a main memory and a disk partitioned in blocks
of size B. In this model of computation, the eﬃciency of the data structure used
is measured by the number of I/O-operations. An I/O-operation (or simply I/O)
is the operation of reading (or writing) a block from (or into) disk.

2

Dictionary Operations

Data structuring is the study of concrete implementation of frequently occurring
abstract data types. An abstract data type is a set together with a collection of
operations on the elements of the set. In the data type dictionary, the set is the
powerset S of a universe U and the operations are insertions and deletions of
the elements and the test of membership (access).
Note that the operations insertion and deletion are destructive, the old version of the set S is destroyed by the operations, and, in this case, the data
structure used is called ephemeral. The nonedestructive version of the problem motivated the development persistent data structures [3]. We distinguish
partial and f ull persistence. A data structure is partially persistent, if all versions can be accessed but only the newest version can be modiﬁed and fully
persistent if every version can be both accessed and modiﬁed.
A new data structure called Interpolation Search Tree (IST) is presented in [8],
which supports interpolation search and insertions and deletions. The amortized
insertion and deletion cost is O(log n). The expected search time in a random
ﬁle is O(log log n). This is not only true for the uniform distribution but for a
wide class of probability distributions. Informally, a distribution deﬁned over an
interval I is smooth, if the probability density over any subinterval of I does not
exceed a speciﬁc bound, however small this subinterval is (i.e., the distribution
does not contain sharp peaks).
Given two functions f1 and f2 , a density function μ = μ[a, b](x) is (f1 , f2 )smooth ([2], [8]), if there exists a constant β, such that for all c1 , c2 , c3 , a ≤ c1 <
c2 < c3 ≤ b, and all integers n, it holds that we have that
 c2
β · f2 (n)
μ[c1 , c3 ](x)dx ≤
c3 −c1
n
c2 − f (n)
1

where μ[c1 , c3 ](x) = 0 for x < c1 or x > c3 , and μ[c1 , c3 ](x) = μ(x)/p for
c
c1 ≤ x ≤ c3 , where p = c13 μ(x)dx.
Intuitively, function f1 partitions an arbitrary subinterval [c1 , c3 ] ⊆ [a, b] into
1
f1 equal parts, each of length c3f−c
= O( f11 ); that is, f1 measures how ﬁne is the
1
partitioning of an arbitrary subinterval. Function f2 guarantees that no part,
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2
of the f1 possible, gets more probability mass than β·f
n ; that is, f2 measures
c3 −c1
the sparseness of any subinterval [c2 − f1 , c2 ] ⊆ [c1 , c3 ]. The class of (f1 , f2 )smooth distributions (for appropriate choices of f1 and f2 ) is a superset of both
regular [11] and uniform classes of distributions, as well as of several non-uniform
classes ([2],[5]). Actually, any probability distribution is (f1 , Θ(n))-smooth, for
a suitable choice of β.
Herewith it is worthwhile to note that the data structure used can reﬂect the
distribution function in some places in order to guide the searching properly and
to the fact that a random IST has subtrees of rootic size with high probability.
In [2], a technique is presented which extends the technique of [8] to a larger
class of distributions and better bounds on searches and updates.
In [6], the IS-Tree, a dynamic data structure based on interpolation search is
presented, which consumes worst case linear space and can be updated in O(1)
time worst case when the update position is given. Furthermore, the elements
can be searched in O(log log n) time expected with high probability, given that
they are drawn from a (nα , n1/2 )-smooth distribution, for constant 1/2 < α < 1.
The worst case search time is O(log2 n).
The externalization [10] of this data structure, called ISB-tree, was introduced
in [4]. It supports search operations in O(logB log n) expected I/Os and update operations in O(1) worst-case I/Os provided that the update position is given and B
is the block size. The expected search bound holds with high probability, if the elements are drawn by a (n/(log log n)1+ , n1−δ )-smooth distribution, where  > 0 and
δ = 1 − B1 are constants. The worst case search bound is O(logB n) block transfers.
AVL-trees were introduced by Adel’son-Velskii and Landis in 1962 [1]. A binary search tree is AVL if the height of the subtrees at each node diﬀer by at
most one. In [7] we analyse the amortized behavior of AVL-trees under a sequence of insertions. We show that the total rebalancing cost for a sequence of n
arbitrary insertions is at most 2.618n. For random insertions, the bound is improved to 2.26n. We show that the probability that t or more balance changes are
required decreases exponentially with t. Mixed insertions and deletions do not
have amortized constant complexity. In [9] is shown that the total rebalancing
cost for a sequence of only arbitrary deletions is 1.618n.
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3

List Manipulation

In [10], we give a representation for linked lists which allows to eﬃciently insert
and delete objects in the list and to quickly determine the order of two list
elements. The basic data structure, called an indexed BB[a]-tree ([9], [2]), allows
to do n insertions and deletions in O(n log n) steps and determine the order
in constant time, assuming that the locations of the elements worked at are
given. The improved algorithm does n insertions and deletions in O(n) steps
and determines the order in constant time. An application of this provides an
algorithm which determines the ancestor relationship of two given nodes in a
dynamic tree structure of bounded degree in time O(1) and performs n arbitrary
insertions and deletions at given positions in time O(n) using linear space.
The amortized analysis of our algorithm is substantiallly based on the weight−
property of BB[a]-trees, which is proved in [2]. The weight-property can be stated
as follows: A node of weight w (i.e. w descendants) participates in only O(n/w)
structural changes of the tree when a sequence of n insertions and deletions is processed. This result improves the bounds given in [6], where only insertions were
allowed. In [7], two algorithms are given. The ﬁrst algorithm matches the O(1)
amortized time per operations of [10] and is simpler. The second algorithm permits all operations in O(1) worst-case time. In [1], simpler solutions are given that
match the bounds of [7].
The results of [10] are well used in the theory of persistent data structures
[3–5, 8].
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4

Priority Queues

A min-max priority queue is a priority queue that structures the elements with
respect to the maximum element as well the minimum element. In [2], we present
a simple and eﬃcient implementation of a min-max priority queue, reﬂected minmax priority queues. The main merits of our construction are threefold. First, the
space utilization of the reﬂected min-max heaps is much better than the naive
solution of putting two heaps back-to-back [3]. Second, the methods applied
in this structure can be easily used to transform ordinary priority queues into
min-max priority queues. Third, when considering only the setting of min-max
priority queues, we support merging in constant worst-case time which is a clear
improvement over the best worst-case bound achieved [1].
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5

Temporal Precedence

In this section we refer to the Temporal Precedence Problem on PPM-machine.
This problem asks for the design of a data structure, maintaining a set of stored
elements and supporting the following two operations: insert and precedes. The
Operation insert(a) introduces a new element a in the structure, while the operation precedes(a, b) returns true iﬀ element a was inserted before element b
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temporally. In [4], a solution is provided to the problem with worst-case time
complexity O(log log n) per operation and O(n log log n) space, where n is the
number of elements inserted. It was demonstrated that the precedes operation
has a lower bound of Ω(log log n) for the Pure Pointer Machine model of computation. In [1] two simple solutions are presented with linear space and worst-case
constant insertion time. In addition, two algorithms are described that can handle the precedes(a, b) operation in O(log log d) time, where d is the temporal distance between the elements a and b. In [2], solutions are given, which match the
same time and space bounds in simpler manner. The Temporal Precedence Problem is related to a very concrete problem that arises in parallel implementation of
logic programming languages [3]. More speciﬁcally, in the And-Parallelism problem the problem of correct binding and assignment of variables can be reduced
to the insert and precedes operations of the Temporal Precedence problem.
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6

Finger Search

Finger search trees represent ordered lists into which pointers can be maintained,
called ﬁngers, from which searches can start; the time for a search, insertion or
deletion is O(log d), where d is the number of items between the search starting
point and the accessed item. The O(log d) bound can either be achieved in the
amortized sence [3, 10] or in the worst case [9, 11, 14–16]. Finger search leads
to optimal algorithms for the basic operations union, intersection, diﬀerence,
which can support the development of eﬃcient algorithms for sorting presorted
ﬁles ([8], [7]) and for locally adaptive data schemes [2].
In [4], a general solution is proposed for the persistence problem. The authors develop simple, systematic eﬃcient techniques for making diﬀerent linked
data structures persistent. They show ﬁrst that if an ephemeral structure has
nodes of bounded in-degree, then the structure can be made partially persistent at an amortized space cost of O(1) per update step and a constant-factor
increase in the amortized cost of access and update operations. Second, they
present a method which can make a linked stucture of bounded in-degree fully
persistent at an amortized time and space cost of O(1) per update step and a
worst-case time of O(1) per access step. Finally, the authors present a partial
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persistent implementation of balanced search tree with worst-case time per operation of O(log n) and an amortized space cost of O(1) per insertion or deletion.
Combining this result with a delayed updating technique of Tsakalidis [16], we
obtain a fully persistent form of balanced search trees with the same time and
space bounds as in the partially persistent case. The technique employed in [4]
is strongly related to fractional cascading. This relation can be used to support
a f orget operation which permits to explicitly delete versions and thus improves
the space requirement [12].
The results of [15, 16] are well used in the theory of the persistent data
structures [4, 5, 13] and in multidimensional search [6].
In [1], a new ﬁnger search tree is developed with worst-case constant update
time in the PM-machine. This was a major problem in the ﬁeld of Data Structures and was tantalizigly open for over 25 years [9], while many attempts by
researchers were made to solve it. The result is a consequence of the innovative
mechanism that guides the rebalancing operations, combined with incremental
multiple splitting and fusion techniques over nodes.
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7

Nearest Common Ancestors

Considering an arbitrary tree, the problem is to compute the nearest common
ancestor of two given nodes x and y, denoted by nca(x, y), which is deﬁned as
the lowest common node of the two paths from node x and node y to the root
of the tree. In [1], a RAM-algorithm is presented running in O(n) preprocessing
time, O(n) space and answering a query in O(1) time. In [2], a PM-algorithm
is given which requires O(n log log n) preprocessing time, O(n log log n) space
and O(log log n) optimal query time. In [1], the optimality of this query time is
proved, and it is claimed that the algorithm of [2] can be modiﬁed to run on a
PM-machine in linear time and space. Another optimal PM-algorithm with O(n)
preprocessing time, O(n) space and O(log log n) query time is described in [3].
Considering the dynamic case of one arbitrary tree, where the tree can be
updated by insertions on the leaves or deletions of nodes, we get in [4] a PMalgorithm which needs O(n) space, performs m arbitrary insertions on an initially
empty tree in time O(m), and allows to determine the nearest common ancestor
of nodes x and y in time O(log(min{depth(x), depth(y)}) + a(k, k)), where the
second term is amortized over the k queries and depth(x) is the distance from
the node x to the root, and a(k, k) is the inverse Ackerman function.
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8

Negative Cycle

The negative cycle problem is the problem of ﬁnding a negative length cycle in
a directed graph with positive and negative edge-costs or proving that there are
none. In [2] is shown that a negative cycle in a directed weighted graph with n
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nodes and e edges can be computed in O(n+e) time and O(n+e) space. Assuming
that the input of the algorithm is a weighted random digraph, it is proved in [1]
that its average time complexity for dense graphs lies between O(n log n) and
O(min{n2 /log 2 n, e}), the exact value depending on the probability with which
an edge is present in the random graph, and for sparse random graph is Θ(n2 ).
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9

Three-Sided Queries

Let S be a set of n points in a two-dimensional space. A three-sided range
query takes as arguments three coordinates x1 , x2 , y1 and reports the set K of
all points (x, y) of S with x1 ≤ x ≤ x2 and y ≤ y1 . In [2] we consider 3sided range queries on n points for a universe of [N ] × , where N is the set of
integers {0, ..., N − 1}. We achieve O(log log n + k) time, usings O(N + n) space
and preprocessing time, where k denotes the size of the output. This was later
improved in [1] to O(k) time, but with expected linear preprocessing time. The
only dynamic sublogarithmic
bounds on this problem can be found in [3], where


it is attained O logloglogn n worst case or O(log n) randomized update time and


O logloglogn n + k query time in linear space.
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Rectangle Enclosure

We consider two versions of the rectangle enclosure problem. Given a set S of
rectangles in the plane, in the ﬁrst version we report all the rectangles, which
enclose a given query rectangle. In [1], a solution is given for the ﬁrst version of
the problem generalized in d-space, which needs O(log2d−2 log log n + k) query
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time, where k is the size of the answer in the case that the data structure used
is static. In the dynamic case, the query time is O(log2d−1 n + k), and an update
operation costs O(log2d−1 n). In both cases, the space used is O(n log2d−2 n).
The query time in the static case is improved to O(log2d−2 n + k) in [3].
In the second version, we report all the pairs of the rectangles (R, R ), where
R, R ∈ S and R encloses R. In [6] a solution was given that needs O(n) space
and runs in O(n log2 n + k) time. It has been an open problem for more than
ten years how the O(n log2 n) term of the reporting time could be reduced.
In [4], an algorithm was given that solved this problem in O(n + k) space and
O(n log n log log n+k log log n) time. In [2] a subroutine of the previous algorithm
is modiﬁed using persistence and periodic rebuilding of list structures and the
space required is reduced to linear, while retaining the same time complexity. In
[5], a simple solution is presented with the same time and space bounds.
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11

Dominance Searching

In [1], several data structures are presented for the 3-dominance searching problem: store a set S of n points in 3 in a data structure, such that the points
in S dominating a query point can be reported eﬃciently. We say that a point
p = (p1 , p2 , p3 ) dominates a point q = (q1 , q2 , q3 ), if and only if pi ≥ qi for
all 1 ≤ i ≤ 3 and p = q. All our data structures use linear space. The ﬁrst
data structure works for the restricted case where the coordinates of the points
in S and of the query points are
 case,
 integers in the range [0, N − 1]. In this
2
we achieve a query time of O (log log N ) log log log N + k log log N , where
k is the number of answers to the query. The second and third data structure both work for the unrestricted case, where the coordinates are arbitrary
reals. We achieve O (log n log log n + k) query time for pointer machines and
O (log n + k) query time for random access machines. These results are improved
in [2].
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12

Intersection Queries

Generalized intersection searching problems are a class of problems that constitute an extension of their standard counterparts. In such problems, we are
given a set of collored objects and we want to report or count the distinct colors of the oblects intersected by a query object. Many solutions have appeared
for both iso-oriented and non-oriented objects. In [1, 2], it is shown how to improve the bounds of several generalized inresection searching problems as well as
how to obtain upper bounds for some problems like arbitrary line segment and
generalized triangle stabbing, which were not treated before.
In [3], eﬃcient solutions are given for the following problems: the Static
d-dimensional rectangle enclosure problem, with O(n log2d−2 n) space and
O(log2d−2 n + k) query time, the generalized c-oriented polygonal intersection
searching, with O(n log2 n) space and O(log n + k) query time, the generalized
rectangular point enclosure problem, with O(n log n) space and O(log n + k)
and the two-dimensional dominance searching problem with respect to a set of
obstacle points, with O(n log n) space and O(log n + k) query time.
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13

Hidden Line Elimination

In a hidden line (or Surface) elimination problem we are given a set of objects in 3D space and a view-point and ask for the parts of the objects that
are visible from the viewpoint. In a hidden line problem, the reported parts
are line segments while in hidden surface problem, they are regions of surfaces.
In [3], an algorithm is presented with optimal O(n) space and worst case time
O(n log n + k log(n2 /k)). In [4], a simple intersection sensitive algorithm is presented which solves the hidden line elimination problem in optimal O(n) space
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and time complexity of O((n + I) log n), where I is the number of the intersections of the edges on the projection plane. An extension of this algorithm can
solve the hidden surface removal problem in O((n + I) log n) time and O(n + k)
space, where k is the output size.
We consider the following problem as deﬁned in [1]. Given a set of n isothetic
rectangles in 3D space determine the subset of rectangles, that are not completely
hidden. In [2], we present an optimal algorithm for this problem that runs in
O(n log n) time and O(n) space. Our results are an improvement over the one
in [1] by a logarithmic factor in storage and are achieved by using a diﬀerent
approach. An analogous approach gives non-trivial solutions for other kinds of
objects, too.
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14

String Manipulation

In [3], we consider several new versions of approximate string matching with
gaps. The main characteristic of these new versions is the existence of gaps in
the matching of a given pattern in a text. Algorithms are devised for each version, and their time and space complexities are stated. These speciﬁc versions
of approximate string matching have various applications in computerized music analysis. In [5], we describe algorithms for computing typical regularities in
strings that contain don’t care symbols. We show also how our algorithms can be
used to compute other string regularities, speciﬁcally the covers of both ordinary
and circular strings.
Biological weighted sequences are used extensively in molecular biology as
proﬁles for protein families, in the representation of binding sites and often for
the representation of sequences produced by shotgun sequencing strategy. In
[4], we introduce the Weighted Suﬃx Tree, an eﬃcient data structure for computing string regularities in weighted sequences for molecular data. Repetitions,
pattern matching and regularities in biological weighted sequences are also considered in [2]. In [6], we present algorithms for the Motif Identiﬁcation Problem
in Biological Weighted Sequences. The ﬁrst algorithm extracts repeated motifs,
the second algorithm extracts common motifs and the third alorithm extracts
maximal pairs.
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A multirepeat in a string is a substring that appears a predeﬁned number of
times. A multirepeat is maximal if it cannot be extended either to the right or to
the left and produce a multirepeat. In [1], we present algorithms for two diﬀerent
versions of the problem of ﬁnding maximal multirepeats in a set of strings. In
the ﬁrst version we consider the case of arbitrary gaps and in the second version
the case that the gap is bounded in a small range.
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