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Abstract. In this paper we present a new approximation algorithm for
the Minimum Energy Broadcast Routing (MEBR) problem in ad hoc
wireless networks that has exponentially better approximation factor
than the well-known Minimum Spanning Tree (MST) heuristic. Namely,
for any instance where a minimum spanning tree of the set of stations
is guaranteed to cost at most ρ times the cost of an optimal solution
for MEBR, we prove that our algorithm achieves an approximation ratio bounded by 2 ln ρ − 2 ln 2 + 2. This result is particularly relevant for
its consequences on Euclidean instances where we significantly improve
previous results.

1

Introduction

Over the last years the usage of wireless networks has seen a huge increase mostly
because of the recent drop in equipment prices and due to the features provided
by the new technologies. In particular, considerable attention has been devoted
to the so-called ad hoc wireless networks, due to their potential applications
in emergency disaster relief, battlefield, etc. [16, 25]. Ad hoc networks do not
require any fixed infrastructure. The network is simply a collection of homogeneous radio stations equipped with omnidirectional antennas for sending and
receiving signals. Communication occurs by assigning to each station a transmitting power. In the most common power attenuation model [22, 24], the signal
power Ps of a station s decreases as a function of the distance in such a way
Ps
that at any station t at distance dist(s, t) it is received with a power dist(s,t)
α,
where α ≥ 1 is a constant called the distance-power gradient. While for practical purposes the constant α is usually assumed to be between 2 and 5, from
a theoretical point of view general values of α are also of interest. The signal
Ps
R+ is the transmission
is correctly received by t if dist(s,t)
α ≥ β, where β ∈ I
?
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quality threshold. Therefore, if s correctly transmits within a given maximum
distance r(s), called the range of s, the transmission power Ps of s is at least
β · r(s)α . Usually, the transmission quality threshold β is normalized to 1. We
remark that, due to the nonlinear power attenuation, multi-hop transmission of
messages through intermediate stations may result in energy saving.
A naturally arising issue in ad hoc wireless networks is that of supporting
communication patterns that are typical in traditional networks, such as broadcasting (one-to-all), multicasting (one-to-many), and gossiping (all-to-all), with
a minimum total energy consumption. This problem is generally called Minimum Energy Routing (MER) and defines different optimization subproblems
according to the connectivity requirements (see for instance [4, 5, 7, 8, 11, 12, 15,
17, 19, 20] for related results). In this paper, we are interested in the broadcast
communication from a given source node.
Formally, given a set of stations S, let G(S) be the complete weighted graph
whose nodes are the stations of S and in which the weight w(x, y) of each edge
{x, y} is the power consumption needed for a correct communication between
x and y. A power assignment for S is a function p : S → IR+ assigning a
transmission power p(x) to every station in S. A power assignment p for S yields
a directed communication graph Gp = (S, A) such that, for each (x, y) ∈ S 2 , the
directed edge (x, y) belongs to A if and only if p(x) ≥ w(x, y), that is if x can
correctly transmit to y. In this case y is also said to fall within the transmission
range of x. The total cost of a power assignment is
X
cost(p) =
p(x).
x∈S

The MEBR problem for a given source s ∈ S consists in finding a power assignment p of minimum cost m∗ (S, s) such that Gp contains a directed spanning
tree rooted at s (and directed towards the leaves).
In general, the problem is unlikely to have polynomial-time approximation
algorithms with approximation ratio o(ln n) [9], where n is the number of stations. Logarithmic (in the number of stations) approximation algorithms have
been presented in [4, 6, 7].
An important case of practical interest is when stations lie in a d−dimensional
Euclidean space. Then, given a constant α ≥ 1, the power consumption needed
for a correct communication between x and y is dist(x, y)α , where dist(x, y) is
the Euclidean distance between the locations of x and y. The problem has been
proved to be NP-hard for α > 1 and d > 1, while it is solvable in polynomial
time for α = 1 or d = 1 [6, 9, 3].
Several attempts in the literature were made to find good approximation
algorithms for Euclidean cases. One fundamental algorithm to provide an approximate solution of the MEBR problem is the MST heuristic [24]. It is based
on the idea of tuning ranges so as to include a minimum spanning tree of the
cost graph G(S). More precisely, denote by T (S) a minimum spanning tree
of G(S). The MST heuristic considers T (S) rooted at the source station s,
directs the edges of T (S) towards the leaves, and sets the power p(x) of every internal station x of T (S) with k > 0 children x1 , . . . , xk in such a way

that p(x) = maxi=1,...,k w(x, xi ). In other words, p is the power assignment of
minimum cost inducing the directed tree derived from T (S) and is such that
cost(p) ≤ c(T (S)), where c(T (S)) denotes the total cost of the edges in T (S)).
Therefore, the approximation ratio of the heuristic is bounded by the ratio
between the cost of a minimum spanning tree of G(S) and the optimal cost
m∗ (S, s).
The performance of the MST heuristic has been investigated by several authors [1, 6, 9, 13, 18, 21, 23]. The analysis in all the above papers focuses on the
case α ≥ d (MST has unbounded approximation ratio when α < d) and is based
on elegant geometric arguments. The best known approximation ratios are 6
for d = 2 [1], 18.8 for d = 3 [21] and 3d − 1 for every d > 3 [13]. Moreover,
in [9, 23], a lower bound on the approximation ratio of the MST heuristic has
been proven, upper-bounding it by the d-dimensional kissing number nd , i.e.,
the maximum number of d-dimensional unit spheres that touch a unit sphere
but are mutually non-overlapping (but possibly touch each other). This number
is 6 for d = 2 (and, hence, the upper bound of [1] is tight), 12 for d = 3 and,
in general, nd = 2cd(1+o(1)) with 0.2075 ≤ c ≤ 0.401 for large d [10]. Despite
the considerable research effort in the area during the past years, no algorithm
has been theoretically shown so far to outperform the MST heuristic in the Euclidean case, and the improvement of the corresponding ratios is a long standing
open question.
Several other heuristics have been shown to perform better than MST in
practice, at least for 2-dimensional instances (e.g., see [2, 3, 8, 14, 24]). The most
famous among them is probably algorithm BIP (broadcast incremental power
[24]). Starting from the source, it builds a tree in steps as follows: at each step,
it includes the edge to an uncovered station that requires the minimum increase
of power. BIP has been shown to be at least as good as MST while the best
known lower bound on its approximation ratio is 4.33 [23]. All other heuristics
that seem to work well in practice are either very complicated to analyze or have
high lower bounds in terms of their approximation ratio.
In this paper we present a new approximation algorithm for the MEBR problem. For any instance of the problem where the minimum spanning tree of the
cost graph G(S) is guaranteed to cost at most ρ times the cost of an optimal
solution for MEBR, our algorithm achieves an approximation ratio bounded by
2 ln ρ − 2 ln 2 + 2 if ρ > 2 and bounded by ρ if ρ ≤ 2, which exponentially improves upon the MST heuristic. Surprisingly, our algorithm and analysis does
not make use of any geometric arguments and still our results significantly improve the previously best known approximation factor for Euclidean instances
of the problem. The corresponding approximation ratio is reduced (when α ≥ d)
from 6 [1] to 4.2 for d = 2, from 18.8 [21] to 6.49 for d = 3 and in general from
3d − 1 [13] to 2.20d + 0.61 for d > 3. In the 2-dimensional case, the achieved
approximation is even less than the lower bound on the approximation ratio of
the BIP heuristic. In arbitrary (i.e., non-Euclidean) cost graphs, it is not difficult
to see that the cost of the minimum spanning tree is at most n − 1 times the cost
of an optimal solution for MEBR; hence, our algorithm also slightly improves

the logarithmic approximations of [4, 6, 7]. We also prove that our analysis is
tight by showing that there are instances in which the ratio among the cost of
the solution returned by the algorithm and the cost of the optimal solution is
arbitrarily close to 2 ln ρ − 2 ln 2 + 2.
The rest of the paper is organized as follows. In Section 2, we describe the
new approximation algorithm and, in Section 3, we prove its correctness. In
Section 4, we show that our analysis is tight, and, finally, in Section 5, we give
some conclusive remarks.

2

The approximation algorithm

In this section, we describe our approximation algorithm. We begin with some
necessary definitions.
Given a power assignment p and a given station x ∈ S, let E(p, x) =
{{x, y}|w(x, S
y) ≤ p(x)} be the set of the undirected edges induced by p at x,
and E(p) = x∈S E(p, x) the set of all the undirected edges induced by p.
In the following, for every subset of undirected edges F ⊆ E of a weighted
graph G = (V, E), we will denote as c(F ) the overall cost of the edges in F ,
that is the total sum of their weights. For the sake of simplicity, we will identify
trees with their corresponding sets of edges. Given an undirected tree T and two
nodes u and v of T , u, v ∈ V , let P (T, u, v) ⊆ T be the subset of the edges in
the unique path from u to v in T .
A swap set for a spanning tree T of an undirected graph G = (V, E) and a set
of edges F with endpoints in V is any subset F 0 of edges that must be removed
from the multigraph3 T ∪ F in order to eliminate cycles and so that T ∪ F \ F 0
is a spanning tree of G.
We are now ready to describe the algorithm. Before going through the details,
let us describe the basic underlying idea. Starting from a spanning tree T (S) of
G(S), if the cost of T is significantly higher than the one of an optimal solution
for performing broadcasting from a given source s ∈ S, then there must exist a
cost efficient contraction of T . Namely, it must be possible to set the transmission
power p(x) of at least one station x in such a way that p(x) is much lower than the
cost of the swap set A(p, x) for T (S) and E(p, x). The algorithm then repeatedly
chooses at each step p(x) in such a way that, starting from the current spanning
tree, c(A(p, x))/p(x) is maximized. The final tree will be such that, considering
the correct orientation of the edges according to the final assignment p, some
edges will be in the reverse direction, i.e., from the leaves towards the source s.
However, the transmission powers can then be properly set with low additional
cost in order to obtain the right orientation from s towards the other stations.
At a given intermediate step of the algorithm in which p and T are the current
power assignment and maintained tree, respectively, consider a contraction at a
given station x consisting of setting the transmission power of x to p0 (x), and let
p0 be the resulting power assignment. Then, a maximum cost swap set A(p0 , x)
3

To the purposes of the algorithm, we need to maintain in T ∪ F at most two copies
of the same edge with different weights.

to be accounted to the contraction can be trivially determined by letting A(p0 , x)
contain the edges that are removed when determining a minimum spanning tree
in the multigraph T ∪ E(p0 , x) with the cost of all the edges in E(p0 , x) set equal
0
,x))
be the cost-efficiency of the contraction.
to 0. Let the ratio c(A(p
p0 (x)
The algorithm then performs the following steps:
– Set the transmission power p(x) of every station in x ∈ S equal to 0.
– Let T = T (S) be a minimum spanning tree of G(S).
– While there exists at least one contraction of cost-efficiency strictly greater
than 2:
• Perform a contraction of maximum cost-efficiency, and let p0 (x) be the
corresponding increased power at a given station x, and p0 be the resulting power assignment.
• Set the weight of all the edges in E(p0 , x) equal to 0.
• Let T 0 = T ∪ E(p0 , x) \ A(p0 , x).
• Set T = T 0 and p = p0 .
– Orient all the edges of T from the source s toward all the other stations.
– Return the transmission power assignment p that induces such a set of oriented edges.
Notice that if ρ ≤ 2 the algorithm performs no contraction step and it returns
the initial minimum spanning tree T (S); thus, it guarantees the same approximation ratio ρ of the MST heuristic. Therefore, in the following of the paper we
will assume that ρ > 2.

3

Correctness of the algorithm

Clearly, the algorithm has a running time polynomial in the size of the input
instance since, at each step, the power of some station increases while the power
of the remaining nodes does not decrease. We thus now focus on the proof of the
achieved approximation ratio.
We first give two lemmas which are very useful in order to show the existence
of good contractions. Due to lack of space, the corresponding proofs have been
omitted from this extended abstract. They will appear in the final version of the
paper.
Lemma 1. Given two rooted spanning trees T1 and T2 over the same set of nodes
V , there exists a one-to-one mapping f : T1 → T2 , called the swap mapping, such
that, if v1 , . . . , vk are all the children of a same parent node u in T1 , then the
set {f ({u, v1 }), . . . , f ({u, vk })} of the edges assigned to {u, v1 }, . . . , {u, vk } by f
is a swap set for T2 and {{u, v1 }, . . . , {u, vk }}.
Lemma 2. Given any tree T , and k edges {u, v1 }, . . . , {u, vk } not necessarily belonging to T , if {{w1 , y1 }, . . . , {wk , yk }} is a swap set for T and
{{u, v1 }, . . . , {u, vk }}, then {{w1 , y1 }, . . . , {wk , yk }} is the subset of a swap set
for T and {{u, v1 }, . . . , {u, vk }, {u, z1 }, . . . , {u, zl }}, for every set of l newly
added edges {{u, z1 }, . . . , {u, zl }}.

We are now ready to prove the fundamental property that our algorithm
exploits.
Lemma 3. Let T be any spanning tree for G(S) with an arbitrary weighting
of the edges, and let γ = c(T )/m∗ (S, s) be the ratio among the cost of T and
the one of an optimal transmission power assignment p∗ . Then there exists a
contraction of T of cost-efficiency γ.
Proof. Consider a spanning tree T ∗ of Gp∗ , and let f be the swap mapping for
T ∗ and T derived from Lemma 1 considering T ∗ rooted at s.
Then, by Lemma 1, f assigns to all the descending edges D(T ∗ , x) in T ∗
of every station x ∈ S a subset of edges SS(x) ⊆ T forming a swap set for T
)
and D(T ∗ , x). All such subsets SS(x) form a partition of T , and since mc(T
∗ (S,s) =
P
c(SS(x))
x∈S
P
= γ, there must exist at least one station x such that c(SS(x))
p∗ (x) ≥ γ.
p∗ (x)
x∈S

Since D(T ∗ , x) ⊆ E(p∗ , x), by Lemma 2, SS(x) ⊆ A(p∗ , x), where A(p∗ , x)
is a swap set for T and E(p∗ , x). Therefore, there exists a contraction of T of
cost-efficiency c(A(p∗ , x))/p∗ (x) ≥ c(SS(x))/p∗ (x) = γ.
u
t
By exploiting Lemma 3, we can prove the following upper bound on the
approximation ratio of our algorithm.
Theorem 1. Given an instance of MEBR consisting of a cost graph G(S) and
a source station s ∈ S, the algorithm has approximation ratio 2 ln ρ − 2 ln 2 + 2,
where ρ > 2 is the ratio of the cost of the minimum spanning tree over G(S)
over the cost of an optimal solution for the MEBR instance.
Proof. Let T0 = T (S) be the minimum spanning tree for G(S) computed at the
beginning of the algorithm, T1 , . . . , Tk be the sequence of the trees constructed by
the algorithm after the contraction steps, that for the sake of clarity we assume
numbered from 0 to k − 1, and γi = c(Ti )/m∗ (S, s) be the ratio among the cost
of Ti and the one of an optimal transmission power assignment p∗ .
By applying Lemma 3, since the algorithm always considers contractions of
maximum cost-efficiency, at each step i = 0, 1, . . . , k −1 it performs a contraction
having cost-efficiency at least γi .
If γ0 ≤ 2, the algorithm performs no contraction step and it returns the
initial minimum spanning tree T0 ; thus, the achieved approximation ratio is
γ0 ≤ 2 ln ρ − 2 ln 2 + 2 as ρ > 2. In the remaining part of the proof we will
assume γ0 > 2.
Let xi be the node involved in the contraction of step i and pi be the resulting
transmission power assigned to xi . Let ti = c(Ti ) − c(Ti+1 ) be the cost of the
edges belonging to the original spanning tree T0 removed by the algorithm at
step i, i.e. included in the maximum cost swap set A(pi , xi ) (only such edges
have non-zero weights and thus contribute to the cost of A(pi , xi )).
A power assignment inducing all the edges of Tk oriented from s towards all
the other stations can be obtained by assigning to all the nodes a power assignment equal to the maximum weight of its outgoing edges in Tk with non-zero

weight. Moreover, given the power assignment p determined by the algorithm
right at the end of the contraction steps, orienting all the corresponding edges of
Tk with zero weight in the right direction requires at most doubling the cost of
p. Indeed, consider a node x which is connected through edges of zero weight to
` > 0 children x1 , ..., x` in Tk (according to the orientation of Tk from the source
node s). Then, in order to make the power assignment induce these edges with
direction from x to the children x1P
, ..., x` , it suffices to increase the power of node
`
x by at most maxi=1,...,` p(xi ) ≤ i=1 p(xi ). Hence, the final power assignment
Pk−1
has overall cost upper-bounded by 2 i=0 pi + c(Tk ).
Since by the definition of the algorithm the last contraction has cost-efficiency
γk−1 > 2, and afterwards no contraction of cost-efficiency greater than 2 exists,
by Lemma 3 the cost c(Tk ) of the final tree is at most 2m∗ (S, s). Denoting by
m the cost of the final power assignment returned by the algorithm we obtain

m≤2

k−1
X
i=0

≤2

k−2
X
i=0

=2

k−2
X
i=0

ti
+ c(Tk )
γi
tk−1 − δ
ti
+2
+ δ + c(Tk )
γi
γk−1
tk−1 − δ
ti
+2
+ 2m∗ (S, s),
γi
γk−1

where δ = 2m∗ (S, s) − c(Tk ).

2m∗
c(Tk )

1

2m∗
c(Tk−1 )

...

δ
...

2m∗
c(T0 )
m∗
c(T0 )

t0

t1

t2

...

tk−1

c(Tk )

Fig. 1. The cost of the optimal solution (gray area); the cost of the MST heuristic
solution (area of the rectangle of height 1); the cost of the solution returned by the
algorithm (area below the bold line).

By recalling that γi = c(Ti )/m∗ (S, s), we finally have (see Figure 1)
k−2
X

ti
tk−1 − δ
+2
+ 2m∗ (S, s)
γ
γ
i
k−1
i=0
!
Ãk−2
X ti
tk−1 − δ
∗
+
+1
= 2m (S, s)
c(Ti )
c(Tk−1 )
i=0
Ãk−2 Z
!
Z tk−1 −δ
X ti
dt
dt
≤ 2m∗ (S, s)
+
+1
c(Ti ) − t
c(Tk−1 ) − t
0
i=0 0
!
Ãk−2 Z
Z c(T0 )¡1− γ2 ¢
X c(T0 )−c(Ti+1 )
0
dt
dt
∗
= 2m (S, s)
+
+1
c(T0 ) − t
c(T0 )−c(Tk−1 ) c(T0 ) − t
i=0 c(T0 )−c(Ti )
¡
¢
ÃZ
!
c(T0 ) 1− γ2
0
dt
∗
= 2m (S, s)
+1
c(T0 ) − t
0

m≤2

= m∗ (S, s) (2 ln γ0 − 2 ln 2 + 2) .
If the initial minimum spanning tree T0 = T (S) guarantees a ρ-approximation
of an optimal solution, the theorem follows by observing that γ0 ≤ ρ.
u
t
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A matching lower bound

In this section we present a matching lower bound on the approximation ratio
of our algorithm, i.e., we show that our analysis is tight.
Theorem 2. For any ² > 0, there exists an instance of MEBR consisting of a
cost graph and a source station for which the solution returned by the algorithm
has cost at least 2 ln ρ − 2 ln 2 + 2 − ² times the optimal cost, where ρ > 2 is the
ratio between the cost of the minimum spanning tree over the cost graph and the
cost of an optimal solution for MEBR.
Proof. In order to describe the considered instance, it is useful to first describe
the building block Qx with x > 2, depicted in Figure 2.
The set of nodes and edges of Qx are Vx = {vx } ∪ {ux,i |i = 1, 2, . . . , dxe},
and Ex = {{vx , ux,i }|i = 1, 2, . . . , dxe}, respectively. The weight of the edge
{vx , ux,dxe } is equal to 1 + x − dxe, and the weights of all the other edges are
equal to 1. Notice that in Qx there exists a contraction centered at node vx
having cost-efficiency equal to x.
We are now ready to describe the whole instance, whose minimum spanning tree is depicted in Figure 3. Let k be an integer parameter; the
node set of the instance is obtained by sequencing k(ρ − 2) building blocks
(Q2+ k1 , Q2+ k2 , . . . , Q3 , . . . , Qρ ) in such a way that for two consecutive blocks Qx
and Qy , x > y, nodes ux,2 and uy,1 coincide. Moreover, in the instance there are
other 3 nodes: the source s, node v1 , and node v2 which coincides with u2+ k1 ,2 .

ux,dxe

ux,3
1

1 + x − dxe
1

1
ux,1

ux,2

vx

Fig. 2. The building block Qx .

It remains to define the weights of the edges between the nodes. The weights
of the edges connecting s to all the other nodes are equal to 1; moreover,
w(v1 , v2 ) = 1. The weights of the edges contained in the building blocks are
properly scaled so that the sum of all the edges of each building block is equal
to k1 . In particular, the weights of all the edges belonging to building block Qx
are divided by kx. For all the other pairs of nodes, we assume that the mutual
power communication cost is very high.
Assume that the initial minimum spanning tree considered by the algorithm
is the one depicted in Figure 3, whose cost is ρ.

Qρ

Qρ− 1

k

Qρ− 2

k

Qρ− 3

Q2+ 1

k

k

1
v2

v1

1

s

Fig. 3. A minimum spanning tree of the lower bound instance.

At the initial step (step 0), the algorithm can arbitrarily choose among two
equivalent contractions, i.e., having the same cost-efficiency; the first choice is
the contraction centered at the source and having transmission power equal to 1,
and the second choice is the contraction centered at vρ and having transmission

power equal to ρ1 . Both contractions have a cost-efficiency equal to ρ, and we
assume that the algorithm chooses the contraction centered at vρ .
Using the same arguments, we can assume that the algorithm proceeds by
performing other k(ρ − 2) − 1 steps of contractions (steps 1, 2, . . . , k(ρ − 2) −
1), choosing at step i the contraction centered at vρ− ki , having transmission
1
power equal to kρ−i
and cost-efficiency equal to ρ − ki , instead of the equivalent
contraction centered at s.
At this point, no contraction having cost-efficiency at least 2 exists any longer.
Notice
Pkρ that the sum of the costs of the transmission powers set in the contractions
is i=2k+1 1i = Hkρ − H2k , where Hi = 1 + 21 + . . . + 1i is the harmonic number.
In order to orient the edges of the final tree from the source towards the node, we
have to globally double the cost of the transmission powers set in the contraction
steps. In particular, we have to assign to v2 a transmission power equal to the
one of v2+ k1 and to ux,2 a transmission power equal to the one of vx , for x =
2 + k2 , 2 + k3 , . . . , ρ. Thus, the final cost of the solution returned by the algorithm
has cost 2Hkρ − 2H2k + 2, while the optimal solution has cost 1 and is obtained
by assigning to the source node a transmission cost equal to 1. As it can be easily
checked, letting k go to infinity, the approximation ratio tends to 2 ln ρ−2 ln 2+2
from below.
u
t

5

Conclusions

We have presented an approximation algorithm that exponentially outperforms
the MST heuristic on any instance of the minimum energy broadcasting problem
in ad hoc wireless networks. Our results are particularly relevant for their consequences on Euclidean instances where the achieved approximation ratio is linear
in the number of dimension d instead of exponential. Therefore, the improvement
becomes more and more significant as d increases. Some corresponding values
are depicted in Figure 4.
Number of dimensions
1
2
3
4
5
6
7
MST heuristic approx. ratio 2 [9, 3] 6 [1] 18.8 [21] 80 [13] 242 [13] 728 [13] 2186 [13]
Our algorithm approx. ratio
2
4.2
6.49
9.38
11.6
13.8
16
Fig. 4. Comparison between the approximation factors of our algorithm and the MST
heuristic in Euclidean instances for an increasing number of dimensions.

Several questions are left open. First of all, our analysis works on general
instances, but further improvements might be possible for specific cases like the
Euclidean ones. For such instances, it would be worth to determine exact results
tightening the current gap between the lower and upper bounds on the approximation ratio. Another interesting issue is that of determining similar contraction
strategies possibly leading to better approximate solutions. An important open

question is also that of determining better approximation results of the MST
heuristic on high-dimensional Euclidean instances. In particular, tightening the
approximation ratio to the kissing number for any number of dimensions would
also decrease the approximation of our algorithms, although the improvement
would be restricted only to a constant multiplicative factor.
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