P o"‘\gcm:-.[:[‘;m"*
“~N r—/ S{"‘def \\l"
Education and Culture  \/ccSSe — Virtual Community Collaborating Space for g gz o
. . Y
Socra tes Science Education %, &£

7
yzpag 10%

tes.

Fupeion?®

Virtual Instruments and Tools for Sciences Education — Experiences and Perspectives

MULTIPLE SOLUTION TASKS WITHIN DYNAMIC GEOMETRY
SYSTEMS

A. BALOMENOU' and M. KORDAKI "

! Secondary Education, Patras, Greece

% Department of Computer Engineering and Informatics, Patras University, 26500, Rion
Patras, Greece

Abstract:

This paper presents a learning experiment using the tools provided by the well-known
educational software Cabri-Geometry Il [1] within the context of a Multiple Solution-based
Task (MST) regarding the mathematical notion of area. Specifically, this paper presents the
diversity of students’ approaches to the concepts of area and perimeter in triangles, with
special reference to the conservation of area in triangles enrolled in a rectangle. 25 students
(12-15 years-old) participated in a learning experiment where they were asked to face ‘in
as many ways as possible’ a specifically-designed learning activity from daily life, using
the tools of the previously-mentioned educational software. The analysis of the data shows
that students successfully used the tools of Cabri-Geometry Il in order to study the
relations between: a) the area of both a rectangle and the equivalent triangles enrolled
within this rectangle, b) the area of each of these triangles and c) the area in relation to the
perimeter in a class of equivalent triangles enrolled within this rectangle. Students also
developed various strategies to the said task, exploiting the diversity of tools provided by
Cabri, and helped to move from the understanding of conservation of area in a limited
number of triangles to a class of triangles with common bases and equal heights.

Keywords: Multiple Solution Tasks; geometry; Dynamic Geometry Systems; secondary
education; experimental study

1. Introduction

The role of learning activities has been acknowledged as crucial in the whole learning
process in terms of motivating/de-motivating students to be actively involved in their
learning as well as in shaping the kind of knowledge they construct [2-3]. To this end, the
role of Multiple Solution-based Tasks in the development of multiple perspectives
regarding the concepts in focus is essential. In the context of MST, learners can develop
their creativity as well as their problem-solving skills, their reasoning capabilities and also
their Advance Mathematical Thinking [4-8]. To this end, the type of activities proposed for
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mathematical learning that both allow for and demand the construction of diverse solution
strategies by each individual student are also of special interest [9-11]. However, when
students are asked to perform MST within e-learning contexts providing Multiple Tools
they are presented with great opportunities for both constructing various solution strategies
to the task at hand as well as relating the concepts in focus with diverse concepts provided
as tools by the e-learning context within which they interact [11].

Dynamic Geometry Systems and specifically the well-known educational software
Cabri-Geometry Il is an e-learning context that provides diverse tools to support a plethora
of concepts of Euclidian geometry. In addition, Cabri provides tools to construct multiple
representations, both numerical and visual, such as geometrical figures, tables, equations,
graphs and calculations which can also be interlinked. To this end, there is also the
possibility of collecting large amounts of numerical data which can be used by the students
to form and verify conjectures regarding the geometrical concepts in focus. Furthermore,
the geometrical constructions within Cabri are dynamic in that they can be directly
manipulated by using the ‘drag mode’ operation, thus conserving their basic properties
while altering their form. Moreover, Cabri is a highly interactive environment that also
provides learners with multiple types of both information (text, figures, numbers, equations)
and feedback (intrinsic visual and extrinsic numerical) to facilitate the formation and
verification of conjectures as well as self-correction of their constructions. Finally, the
history of student actions is captured and possibilities for the extension of the environment
are also available to teachers and learners through the addition of specific macros on the
Cabri-interface.

In this study, student approaches to the geometrical notion of area, a significant
mathematical concept at all levels of education, in mathematics, in society and in everyday
life [12], are investigated through the performance of a MST within the context of Cabri-
Geometry 1l. Despite its significance, students face difficulties in understanding this
concept. Specifically, students encounter difficulties in understanding conservation of area
in non-congruent shapes and also in discriminating between area and perimeter [12-13]. In
the following section, the context and results of this study are presented, followed by
discussion of these results and consequent conclusions drawn.

2. The context of the study

The experiment presented in this study took place in a typical, provincial, state secondary
school in Patras, Greece. Three complete classes of students participated in this experiment,
totalling 25 students: eight 1% grade students (13-years-old), nine 2" grade students (14-
years-old) and eight 3" grade students (15-years-old). These students were separated into 9
groups in order to perform a MST. They were asked to encounter ‘in as many ways as
possible” a specifically-designed learning activity from daily life, using the tools of the
educational software Cabri-Geometry Il. More specifically, they were asked to ‘construct,
in an unused part of the school yard, rectangular in shape, 10 meters in length and 4 meters
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in width, as many triangular flower beds as possible, each of them using one of the
rectangle’s sides as the base and a random point of the opposite side of the rectangle as the
vertex. After that, students were to choose which one of these triangular flower beds would
be most profitable to construct, so that when fenced in with wire netting, they would have
the minimum cost’. It is worth noting that such a task has not yet been reported. This task
was chosen in order to give students the chance to develop their own approaches to the
concept of area and the conservation of area in triangles enrolled in a rectangle as well as to
the discrimination between area and perimeter in equivalent triangles. By being asked to
create as many possible solutions as they can, students have the chance to express different
perceptions of the concepts they study and to develop a broader view of these concepts
[10]. In terms of methodology, this is a qualitative study [14].

3. Results

Group solution strategies to the said task were classified into three categories (Ci, i=1, 2, 3).
These categories are presented in Table 1. In this Table, the specific groups and the number
of students who performed strategies falling into each category are also presented. By using
the symbols A, B, G we mean students of 1%, 2" and 3" grades correspondingly, while the
symbols Ai, Bi, Gi (i=1, 2, 3) which are used in column 2 are assigned to each specific
group of students. The numbers used before capital letters A, B, G represent the number of
students from each specific grade that performed the corresponding strategy presented in
Column 1 of this Table.

Table 1. Categories of group strategies for the construction of equivalent triangles in the context of
Cabri-Geometry 11

Categories of group strategies within the Number of | Number of
context of Cabri-Geometry II groups students
Categories performed by
C1: choice of significant points of the rectangle as Al, A2, 8A, 6B, 8G
vertexes of the equivalent triangles constructed A3, B1, B2,
Gl1,G2,G3

C2: choice of arbitrary, random points on the B1, G1, G2 3B, 5G
sides of the rectangle as vertexes of the triangles
C3: using the ‘drag’ mode in combination with B3, G2 3B, 3G
automatic area measurement and length

Strategy C1

Students who performed this strategy chose some significant points of the rectangle (middle
points of its sides as well as its vertexes) as vertexes of the triangles they constructed. An
example of a student strategy that falls into this category is presented in Figure 1. By using
this kind of strategy, students realized that it is possible to construct triangles of equal areas
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but of different form. It is worth noting that, before this experiment, these students did not
realize this possibility. By automatically measuring the area and the perimeter of each
triangle, these students also clarified that area and perimeter are different entities.

E(BMIN=20.00 T.ex.
NBMIN=24.40 ex.

E[KBM)=20.00 T.ex.
MKBIN=24.78 «x.

E[ABM=20.00 T.ex.
NArB)=24.78 k.

Figure 1. Example of student strategies falling into category C1

Strategy C2

Here as well, students chose some arbitrary or random points on the sides of the rectangle

as vertexes of the triangles they constructed. An example of a student strategy falling into
this category is demonstrated in Figure 2.

AB=10.00 ex.

AK=4.00 =k.

-
Kr=10.00 =K. -
MKHMN=22.81 k. E[EEFK];;;%II]JU T.EK.
— = . T.EK.
MNBKr)=24.78 cx. EIBKM]=20.00 T.ex.
NINKI)=23.58 ex. NKMN=20.00 T.ex.

Figure 2. Example of student strategies falling into category C2

Students who performed this strategy moved on from the construction of equivalent typical
isosceles and right-angled triangles (as was the case in Strategy 1) to the construction of
equivalent scalene triangles. Students also studied the relationship between the area of these
triangles and the area of the rectangle. In addition, these students seemed to realize that the
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isosceles triangle that has a vertex at the mid point of a side of this rectangle (point H) and
base on its opposite side is the triangle of the minimum perimeter.

Strategy C3
Here, students used the ‘drag mode’ in combination with automatic area measurement and
length. An example of a student strategy falling into this category is shown in Figure 3.

=
A B
Eon=40.00 1.2k
ET=20.00 T.£K.
Nn3= 9.85% ek. s 4.12 ex
T=23.97 =k
0 ar=10.00 sx. [
nx= == ar= rNnr= Er= Eon=
1 6.40 6.40 10.00 22.81 20.00 40.00
2 5.00 8.06 10.00 23.06 Z0.00 40.00
3 4.47 8.94 10.00 23.42 Z20.00 40.00
4 4.47 §.94 10.00 23.42 20.00 40.00
5 4.47 8.94 10.00 23.42 20.00 40.00
6 A4.47 8.94 10.00 23.42 Z0.00 40.00
Fi 1.47 §.94 10.00 23.42 Z0.00 40,00
8 4.47 8.94 10.00 23.42 20.00 40.00
9 4.47 §.94 10.00 23.42 20.00 40.00
10 4.47 8.94 10.00 23.42 Z0.00 40.00
11 A4.47 8.94 10.00 23.42 Z0.00 40.00
12 1.12 9.85 10.00 23.97 20.00 40.00
13 4.12 9.85 10.00 23.97 20.00 40.00
14 1.12 9.85 10.00 23.97 Z0.00 40.00
15 4.12 9.85 10.00 23.97 Z20.00 40.00
16 4.12 9.85 10.00 23.97 Z0.00 40.00
17 1.12 9.85 10.00 23.97 20.00 40,00
18 4.12 9.85 10.00 23.97 Z0.00 40.00

Figure 3. Example of student strategies falling into category C3

By reflecting on the numerical data collected in the Table presented in Figure 3, students
who performed this strategy were helped to move from the construction of a limited
number of equivalent scalene triangles to the construction of a class of equivalent triangles
and they formed appropriate hypotheses. Students also studied the relationship between the
area of these triangles and that of the rectangle and made appropriate generalizations. They
also experimented with the area and the perimeter of these triangles and found the triangle
with the minimum perimeter as well as forming specific generalizations.

Strategies across categories

Each group’s solution strategies across categories and the path of their solution strategies
are presented in Table 2. As is shown in this Table, the total number of strategies performed
by the groups across each category were: Cl: 15 strategies, C2: 3 strategies, C3: 3
strategies.
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Table 2. Group strategies across categories

Groups’ strategies across categories
Group | C1 | Group Cl C2 C3 Group C1l C2 | C3
Al 1,2 | Bl 1,2 3 - Gl 2,31 -
A2 1,2 | B2 1 - - G2 1,2 | - 3
A3 1,2 | B3 - - 1,2 | G3 2,31 -

Table 3 presents the strategies across categories and the path of solution strategies across
categories as well as the total number of strategies performed by each individual student
who participated in this MST. Furthermore, Table 3 contains the number of strategies
across categories (C1:41 str, C2: 8 str, C3: 9 str), a total of 58 strategies performed by all
students.

Table 3. Strategies across categories per student

Strategies across categories per student
Grade | Cat. Grade Cat‘egorie‘s of Grade Cate‘gories‘ of
A Strat B strategies G strategies
(Stud) | C1  [Total | (Stud) |Cl |C2 |C3 |Total (study | €1 |C2 |C3 Total
M1 2 2 M1 2 |1 |- 3 M1 2 1 3
M2 2 2 M2 2 |1 |- 3 M2 2 1 3
M3 2 2 M3 2 |1 |- 3 M3 2 1 3
M4 2 2 M4 1 |- - 1 M4 2 1 |3
M5 2 2 M35 1 |- - 1 M5 2 1 |3
M6 2 2 M6 1 |- - 1 M6 2 1 |3
M7 2 2 M7 - - 2 |2 M7 2 1 3
M8 2 2 M8 - - 2 |2 M8 2 1 3
M9 - - 2 |2
Towl |16 |16 |Toal |9 [3 |6 |18 |Towl |16 |5 |3 |24

As we can see in Table 3, the most common student strategy is C1 (41 strategies out of 58
in total). This can be interpreted as normal, because when students are new to a concept and
try to explore it, they use shapes that are familiar to them (in this case, isosceles and right-
angled triangles) whose properties they know well and can exploit to reach conclusions for
the concepts they are dealing with. From the path of student solution strategies, we can see
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their mathematical evolution in terms of the concept of area and the conservation of area as
well as in discrimination between area and perimeter of equivalent triangles.

On the whole, it is worth noting that: a) all students realized that triangular areas could be
conserved while altering their forms. To this end, all students made appropriate
generalizations, b) all students realized that the area of the enrolled triangles within a
rectangle - as described in the previous section - is half of the area of the said rectangle, c)
23 out of 25 students realized that area and perimeter are different entities, d) 1 out of 4
students formed classes of equivalent triangles with common bases and equal heights. To
this end, the role of MST in asking for ‘as many solutions as possible’ and the role of the
‘drag mode’ operation became crucial, ¢) more that half of the students realized
conservation of area in scalene triangles. Here as well, the role of MST was essential
because students did not remain at their first attempt using right-angled and isosceles
triangles but tried to form other solution strategies using arbitrary points of the sides of the
given rectangle as their vertexes, f) all students were actively and passionately involved in
the task at hand.

4. Discussion and Conclusions

This study presented student approaches to a Multiple Solution-based Task asking each of
them to form ‘as many solutions as possible’ - regarding the mathematical notion of area -
and exploiting the variety of tools provided by the educational software Cabri Geometry II.
The Dynamic character of the said software in combination with the demand of the MST to
be solved ‘in as many ways as possible’ encouraged students to realize more than one
correct solution strategy and to explore conservation of area in various triangles of different
form. With the completion of the given task, all students had recognized that triangles of
the same area are not always equal and that triangles with a common base and equal
corresponding heights are equivalent. To this end, the MST and the diverse tools provided
by Cabri had an essential role to play. Furthermore, while performing their solution
strategies, all students managed to distinguish and discriminate between the concepts of
area and perimeter, as well as find out that equivalent triangles do not necessarily have the
same perimeter. Most of the students (23 out of 25) also managed to arrive at a conclusion
about which of all the equivalent triangles has the minimum perimeter. These students
concluded that, among equivalent triangles enrolled in a rectangle, the isosceles have the
minimum perimeter and, among all the equivalent isosceles triangles, the one with the
bigger base has the minimum perimeter. Student conclusions regarding area in relation to
the perimeter of equivalent triangles were reached through observation during
experimentation with the dynamic performance of several solution strategies.
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