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Abstract. We consider here the problem of answering range product
queries on an n-node unrooted tree labelled with elements of a semigroup
provided with an associative operator only. We present simple parallel
dynamic algorithms for one of the weakest models of parallel computation
(EREW PRAM). Our main result is an algorithm which answers a query
in O(a(n)) time using a single processor after O(logn)-time and O(n)-
work preprocessing, where a(n) is the inverse of Ackermann’s function.
The data structures set up during preprocessing are updated in O(logn)
time and O(n®) work, for any (arbitrarily small) constant 0 < 3 < 1,
after a dynamic change in the label of a tree node.

1 Introduction

Developing algorithms for solving fundamental problems in parallel computing,
except for being an important challenge by itself, flags the beginning of my
collaboration with Paul Spirakis. Paul firmly believes that studying and solving
fundamental problems, as well as possessing a solid theoretical background, is
the key to the solution of virtually any problem. This belief has been the true
motivation for most of my work, including the current one.

1.1 The Problem

We consider the following fundamental problem. Suppose we are given a semi-
group (.5,0), i.e., a set S of elements with an associative operator o on them,
which is the only available one. Assume also that the product z o y between
any two elements x,y € S can be computed in O(1) time. Let s1, 2, ..., s, be
elements of S. We want to preprocess the sequence si, ss, ..., S5, such that sub-
sequently range queries can be efficiently answered. A range query specifies two
indices ¢, j, where 1 <14 < j < n, and asks for the product s;0s;;10---05;_108;.
This problem is known as the linear range product problem.

Similarly, the tree range product problem is defined as follows. Let T' be an
n-node unrooted tree, where every node of T is labelled (or associated) with an
element of S. We want to efficiently preprocess T" such that, given any two nodes
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u,v of T, the product of the labels associated with the nodes lying on the path
from u to v is computed as fast as possible. (Labels can also be associated with
edges of T rather than nodes. But it is easy to see that this is a special case
of the problem considered here with labels on nodes.) It is clear that the linear
range product problem is a special case of the tree range product problem, where
the tree is simply a path of n nodes.

In this paper, we investigate the parallel complexity of the dynamic version
of the tree range product problem. In this setting, the labels of the nodes may
change. After a change in a node label, we would like to update the data struc-
tures already computed during preprocessing as efficiently as possible, without
recomputing everything from scratch and without sacrificing the query time.

1.2 Applications

The tree range product problem, as well as its dynamic version, has applications
to all problems that can be expressed as products of labels along paths in a tree.
Along with its special case (the linear range product problem), they appear to be
fundamental in many theoretical applications [2] (e.g., addition in unbounded-
fan-in circuits, range minima, merging two sorted sequences of elements) and
also to applications of a particular practical importance. We mention below
some of them.

Network Communication. Consider a network connecting various sites using a
spanning tree topology. Assume also that each link of the network has a specified
capacity. Each time two sites want to communicate, they have to know the max-
imum size of a message that can be sent. This maximum message size is equal to
the minimum capacity along the tree path connecting the two sites. Moreover,
the knowledge of maximum message size is even more important when a com-
munication link between two sites is replaced by another one with a different
capacity. (This may happen because of a link failure, or because at a certain time
some different link is used.) This problem reduces to the dynamic range product
problem on a tree, whose edges are labelled with elements of a semigroup (S, o)
and S, o are the set of reals and the minimum operator, respectively.

Matrixz-Chain Multiplication Problem. Given a chain of n matrices Ay, Ag, ..., Ay,
where matrix A;, 1 < ¢ < n, has dimension p; 1 X p;, we want to fully parenthe-
size the product A A,... A, such that the total number of scalar multiplications is
minimized. This problem is solved by dynamic programming (see [6], Chap. 15),
where the problem reduces to determining the minimum cost of a parenthesiza-
tion of A;A;y1...A;, for any pair 1 < ¢ < j < n. If matrices Ay and Agyq,
1 < k < n, are also free to change their common dimension pg, then clearly
the dynamic matrix-chain multiplication problem reduces to the dynamic linear
range product one.

Information Retrieval in Databases. Usually queries in a relational database
correspond to a selection of tuples (satisfying a particular condition) from an
existing relation, or from a relation generated by some relational algebra oper-
ators most of which are associative [7]. In both cases, the selection of tuples
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corresponds to an appropriate linear range product query made to the relation.
Since values of fields in tuples change dynamically as data are updated, the same
database query may result in a different selection of tuples when it is performed
after such an update. Hence, an efficient solution of the dynamic linear range
product problem appears to be fundamental here. Note also that the problem of
generating a new relation by applying associative algebra operators on existing
relations, reduces to the above mentioned matrix-chain multiplication problem,
and is of particular importance in database query optimization [7,11].

1.3 Our Contribution and Related Work

In sequential computation, an efficient solution to the static tree range product
problem was given independently in [1,5]. Their algorithms perform an O(n)
time and space preprocessing of the tree T" and then any range product query
is answered in O(a(n)) time, where a(n) is the inverse of Ackermann’s function
which is a very slowly growing function with n. The algorithm presented in [1]
can be also optimally parallelized on the EREW PRAM model of computation
[1,8]. It performs an O(log n)-time and O(n)-work preprocessing of T, such that
afterwards a range query is answered in O(a(n)) time using a single processor.

In this paper, we present simple and efficient parallel algorithms, on the
EREW PRAM model, for the dynamic tree range product problem. Our algo-
rithms answer a range product query in O(a(n)) time, after an O(logn)-time
and O(n)-work preprocessing of T'. The data structures set up during preprocess-
ing can be updated, after the modification in the value of some node label, in
O(logn) time and O(n?) work, for any constant 0 < 3 < 1. Furthermore, we give
a trade-off between query time and the work required for an update. With O(n?)
update work, the query time is O(a(n)); decreasing the update work towards
O(logn), degrades the query time to logarithmic. It is worth mentioning here
that our parallel algorithms imply a sequential dynamic algorithm for the tree
range product problem with O(n) time and space preprocessing, O(«a(n)) query
time and O(nf) update time.

Our method is based on the following result: given an n-node binary tree 7T,
partition 7" into ©(n/m) node-disjoint connected components, 1 < m < n, such
that each component is of size at most m and is connected to the rest of the tree
with at most 3 edges. In [4], a very simple algorithm is given that achieves such
a partition in O(logn) time using O(n) work on an EREW PRAM.

The main idea of our approach is the following. Based on the above tree
partitioning result, we partition the tree into a small number of subtrees with
disjoint node sets such that each subtree is connected with the rest of the tree
with at most 3 edges. Then, we construct another tree, called the condensed tree,
by shrinking each subtree into a tree of O(1) size. The sizes of the subtrees are
chosen so that the subtrees and the condensed tree have size O(y/n). We then
construct data structures for answering range product queries on each subtree
and on the condensed tree. This enables us to answer range product queries on
the initial tree. Since the node sets are disjoint, a change in a node label affects
the data structure of only one subtree. Then, we update the data structures
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of this subtree and of the condensed tree, both of which are smaller than the
original tree. Applying this idea recursively yields the trade-off between update
work and query time.

We note that our approach is a generalization of a method presented in
[3,4] for solving dynamic shortest path problems on digraphs of small treewidth.
However, the approach in [3,4] introduces large constants and a different analysis
is needed in order to reduce them substantially and thus being able to provide
the (above mentioned) update vs. query trade-off.

2 Tree Partitioning

For the sake of completeness, we present in this section the tree-partitioning
result in [4], which will be used for the solution of the dynamic tree range product
problem.

Definition 1. A (¢,d, m)-partition of an n-node binary tree T, where 1 < m <
n and c,d are positive integer constants, is a node-partition of T into at least
n/m and at most dn/m connected components such that each component has at
most m nodes and is connected to the rest of the tree through at most ¢ edges,
called the outgoing edges of the component.

We give an algorithm which is a variant of the well-known parallel tree contrac-
tion algorithm (see e.g., [9]). Assign a weight of 1 to each node in the tree. By
adding a leaf (with weight 0) as a child to each node that has one child, we obtain
a tree in which each node is a leaf or has two children. Number the leaves of the
tree from left to right using the Euler tour technique [9]. From now on assume
that we have a tree with weights on the nodes adding up to n, in which each
internal node has two children, and in which some of the leaves are numbered
from left to right. Our algorithm for obtaining the desired partition performs a
number of rounds. Each round (consisting of three steps) forms groups of nodes
which, at the end, will give the components. The algorithm is as follows:

ALGORITHM Binary-Tree-Partition
Repeat the following steps (round) logn times.

1. In parallel, for each odd numbered leaf that is a left child, if the sum of the
weights of the leaf, its parent and its sibling is at most m, then shrink the
edges connecting the leaf and its sibling to their parent. Assign the parent a
weight equal to the sum of the weights of the three nodes. If the sibling is
a leaf, it is even numbered. Assign this number to the parent (which is now
a leaf in the modified tree). If the sum of the weights exceeds m, then delete
the numbers (if they exist) from the leaf and the sibling.

2. Repeat step 1 for each odd numbered leaf that is a right child.

3. After these two steps, all the numbered leaves in the tree have an even number.
Divide each of these numbers by 2.

END.
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In order to implement the above algorithm — as well as the subsequent ones —
on an EREW PRAM, we make the following conventions for the input-output
representation. We assume that algorithm Binary-Tree-Partition has its input
tree specified as a linked structure in n contiguous memory cells. The algorithm
produces its output in O(n) contiguous memory cells, divided into contiguous
blocks, each block containing one of the connected components in the same linked
format, and one final block containing the compressed tree (i.e., the tree at the
end of the shrinking process) in a linked format.

The aforementioned input-output representation can be easily accomplished
using standard EREW PRAM methods [9] using O(logn) time and O(n) work,
which we now describe briefly. Let ¢ be the number of nodes in the compressed
tree. By assigning the preorder number to each node in the compressed tree, we
can assign a unique number between 1 and ¢ to each connected subtree. Then,
by solving a prefix summation problem on ¢ elements, where the i-th element
is the number of nodes in subtree i, we can allocate contiguous memory blocks
for the various subtrees. It remains to copy the subtrees into the appropriate
blocks. Since each node in the compressed tree knows the memory addresses
allocated for its subtree, by reversing the shrinking process we can assign a
unique memory address in the appropriate block to each node in a subtree. Now
it is a simple matter for each node to copy itself into this address, and duplicate
its link structure.

Theorem 1. Given any 1 < m < n, a (3,8, m)-partition of an n-node binary
tree T can be computed in O(logn) time using O(n) work on an EREW PRAM.

Proof. Tt is not hard to see that after the i-th iteration, at most {/2¢ leaves have
numbers, where [ is the initial number of leaves. Thus, at the end, there are
no numbered leaves. Throughout, the following invariant is maintained: if a leaf
does not have a number, then the weights of the leaf, its parent and sibling add
up to more than m. (Note that such a leaf will not participate in any subsequent
iteration.) Call such a triple of leaf, parent and sibling an overweight group.

Each non-numbered leaf is contained in some overweight group, and no node
can belong to more than two overweight groups. Thus, the sum of the weights of
all the overweight groups is at most 2n, hence the number of overweight groups is
at most 2n/m. Since each overweight group contains at most two non-numbered
nodes, the total number of non-numbered leaves at the end is 4n/m. Since each
internal node has two children, the total number of nodes remaining in the tree
is at most 8n/m.

Each node v in the remaining tree is associated with the connected subtree
induced by the nodes that were shrunk into v in the above process. These are
the required groups. It is easy to see that v has a weight equal to the number
of nodes in the associated subtree. Since this weight is at most m, there are at
least n/m such connected subtrees. Also, as shown above, there are no more than
8n/m connected subtrees. It follows from the construction that each subtree is
connected to the rest of the tree through at most 3 edges which are incident on
at most 2 nodes of the subtree.
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The complexity bounds follow by the aforementioned input-output represen-
tation of the input tree and the fact that the algorithm is a variant of the parallel
tree contraction algorithm [9]. O

3 Dynamic Range Products

In this section, we shall give our algorithms and data structures for the dynamic
version of the tree range product problem. Our solution is based on the tree-
partitioning result presented in the previous section.

For a function f let fM(n) = f(n); fP(n) = f(f* "V (n)), i > 1. Define
Io(n) = [5] and Ix(n) = min{j | I,i]_)l(n) < 1}, k > 1. The functions Ix(n)
decrease rapidly as k increases, in particular, I;(n) = [logn] and I(n) = log™ n.
Define a(n) = min{j | I;(n) < 1}.

Recall the assumptions made for the semigroup (S, o) in Sect. 1. As in [1], we
also assume that S has a unit element. (Otherwise, we can simply add such an
element to S.) The following has been proved in [1,8].

Theorem 2. Let T be an n-node unrooted tree such that each node is labelled
with an element from a semigroup (S, o). Then, the following hold on an EREW
PRAM: (i) for each k > 1, after O(logn)-time and O(nly(n))-work preprocess-
ing, the product of labels along any path in the tree can be computed in O(k) time
using a single processor; and (ii) after O(logn)-time and O(n)-work preprocess-
ing, the product of labels along any path in the tree can be computed in O(a(n))
time using a single processor.

In the following, we shall denote by £¢(u) the label of a node u. We define
P[l(u),£(v)] to be the product of the elements associated with the nodes lying
on the path from u to v in a tree T. If u and v are the same node, then the
above product is defined to be equal to £(u) or £(v). For a node w of T, we shall
denote by lc(w) (resp. re(w)) its left (resp. right) child in T'.

We shall consider first the case where the given labelled tree T is rooted and
binary. At the end of the section we shall discuss how the general case is handled.
Note that it suffices to give a data structure for answering range product queries
between any two nodes u,v of T" when u is a descendant of v (called upward
query), or vice versa (called downward query). Since otherwise, let w be the
lowest common ancestor of v and v in T and w.l.o.g. assume that u (resp. v)
is a descendant of lc(w) (resp. re(w)). The path, in T, between u and v passes
through w. Hence, P[{(u),{(v)] = P[l(u),{(lc(w))] o b(w) o Pll(re(w)), £(v)], i.e.,
it reduces to the problem of computing an upward and a downward range query.
(Note that we have to consider separately upward and downward range queries,
since the operator o may not be commutative.)

Assume we are given a (3,8, m)-partition of an n-node binary tree T into
connected components T;, 1 < i < 8n/m. From the construction of the partition,
it is clear that each component T; will either have one or three outgoing edges.
We use the following notation for certain nodes of the components. If T; has only
one outgoing edge, we shall refer to the single node incident on that edge as z;.
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If T; has three outgoing edges, we shall refer to the two nodes of T; incident on
these edges as x; and y;, where x; will be the one closest to the root of T'. Note
that in this latter case: (a) x; is incident on one outgoing edge and y; on the
other two outgoing edges; (b) y; is a descendant of lc(xz;) or re(x;).

Now, we construct a binary tree T”, called the upward condensed tree of T', as
follows. Replace each T; in T by a subtree on nodes x; and y;, and edge (z;,y;)
(if y; exists). Node x; in T has label ¢'(x;) = ¢(x;). Node y; (if exists) has label
O (y;) = Pll(y;), e(lc(x;))] or ¢ (y;) = P[e(y:), £(rc(x;))], depending whether y; is
a descendant of lc(x;) or re(x;).

We can similarly construct a downward condensed tree T”. In T", node x;
will again have label £(x;). Node y; (if exists) will have label P[¢(lc(x;)), €(y;)]
(resp. P[l(re(x;)), €(y;)]) if it is a descendant of lc(z;) (resp. re(z;)).

The next lemma shows that the above constructions can be done optimally
on an EREW PRAM.

Lemma 1. Both condensed trees of a labelled rooted n-node binary tree can be

constructed in O(logn) time using O(n) work on an EREW PRAM.

Proof. We shall show how the upward condensed tree T” is constructed. The
construction of the downward condensed tree is similar. Having the (3,8, m)-
partition of T into ¢ connected components and using the input-output repre-
sentation described in Sect. 2, we can find in O(1) time the nodes z; and y; for
each component T;, by assigning one processor per each node of T. Then, we
allocate an array A of 2¢q contiguous memory cells for 77. Each z; and y; is copied
into the position 2(z — 1) + 1 and 2(i — 1) + 2 of A, respectively, for 1 <i <gq. It
remains only to establish the parent-child relationships in 7". By the construc-
tion, node y; knows immediately its parent x; in 7. Hence, it remains only to
inform z; for its parent in 7’. But this can be done using the data structure
of T. All the above take O(1) time and O(n) work on an EREW PRAM. The
bounds now follow from Theorem 1. ad

The next lemma shows how a (3,8, m)-partition of T' and its upward condensed
tree can be used to answer upward range product queries in 7.

Lemma 2. Assume we are given a (3,8, m)-partition of an n-node labelled
rooted binary tree T into connected components T;, 1 < i < 8n/m, and let T" be
its upward condensed tree. If T' and all T;’s are provided with a data structure
for answering upward range product queries, then: (i) We can answer correctly
upward range product queries in T. (ii) If the label of a node w in T is changed,
and w belongs also to component T;, then an updating to the data structures of
T and T; suffices to continue answering correctly upward range product queries
mT.

Proof. (i) Let u be a descendant of v in T'. We want to show that P[¢(u),{(v)]
is computed correctly using the data structures of TV and T;’s. If both u and
v belong to the same component T;, then clearly the data structure of T; gives
the correct range product. Therefore, assume that v € T; and v € T}, ¢ # j.
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W.l.o.g. assume also that y;, which is an ancestor of x;, is a descendant of lc(v).
(The case where y; is a descendant of rc(v) is similar.)

Consider now the components 7}, and T, such that y, is the parent of
z; and z4 is the child of y;. From the associativity of o, we have that
Pll(u), ((v)] = P[l(u), €(x:)] o P[(yp), (xq)] o P[l(y;),£(v)]. Clearly, the range
products P[¢(u), ¢(x;)] and P[{(y;),¢(v)] can be obtained from the data struc-
tures of T; and T} respectively. In the special case where either y,, x4, y; and v
coincide, or y,, 4, z; and u coincide, we make the convention that P[¢(y,), {(z4)],
in the above product, is equal to the unit element of S.

Hence, to complete the proof, it suffices to show that P[l(y,),l(x,)] =
Prl'(yp), t'(x4)], where the RHS product is taken from 7" and y, # z, (other-
wise the proof is trivial). The proof goes by induction on the number ¢ of nodes
in the path from y, to z, in T".

Consider first the basis case, ¢ = 0. This means that p = ¢, and
Ple(yy), £(z,)] = Pl €wy)] = PLE(y,), Lic(z,)] o y) = £(yp) 0 () =
Pl (yp), t'(z4)], by the construction of 77 and the fact that x, and z, are the
same nodes.

For the induction hypothesis, assume that P[l(y,),l(z4)] = Pr[l'(yp),
V'(z4)], if the path contains at most ¢ — 1 nodes.

For the induction step, let the path contain ¢ nodes. Then P[{(y,), {(zq)] =
Pll(yp), £(xy)] o P[l(yq), £(24)], where x, is the child of y, that belongs to com-
ponent 7). By the induction hypothesis, P[¢(yp,), (z,)] = Pr[¢'(yp), ¢ (z,)]. By
the associativity of o, P[¢(y,),€(zq)] = P[l(yq),£(lc(zq))] 0 £(x4). But from the
construction of T” we have, P[{(y,), {(lc(xq))]ol(xq) = Pl (yq), ' (x4)]. There-
fore, PLE(y,), Uzq)] = Pr [0 (5p), € (@)] 0 Pro[€yg), £g)] = Prolt' (), £ ()],
as required.

(ii) We have just shown that if we have built data structures for all of T}’s
and for 7', we can correctly answer upward queries in T”. Therefore, it is clear
that updating these data structures such that upward queries can be answered
correctly in all T;’s and in T, is sufficient to answer correctly upward range
queries in T'. Hence, it remains to argue that we need to update only one of
the components, namely the one, say 7T;, which contains the node w whose label
£(w) has changed. But this follows immediately from the fact that all T;’s are
node-disjoint, thus changing the label £(w) of w in T; does not affect any range
product query in some Tj, ¢ # j, and therefore its data structure. a

The following definition will facilitate the presentation of our results.

Definition 2. Let DS(T,{Pw, Pr},{Uw,Ur}, Q) be a dynamic data structure
for the range product problem on a tree T, where O(Pyw) (resp. O(Pr)) is the
preprocessing work and space (resp. time) to be set up, O(Uw ) (resp. O(Ur)) is
the work (resp. time) to update it after a modification in the value of an element
associated with a tree node, and O(Q) is the time to answer a product query
using a single processor.

The next lemma gives the bounds, and its proof explains the construction, of
our dynamic data structures for the tree range product problem.
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Lemma 3. Let T be an n-node binary tree. Then, for each k > 1 and any
integer r > 0, there exist dynamic data structures for the upward range product
problem on T, with the following characteristics on an EREW PRAM:

(i) DS(T,{(r + 1)n — \/n,2logn + 8}, {c(r)nt/?)" 2logn + 8r},3"a(n));
(ii) DS(T,{((r + 1)n — \/n)Ii(n), 2logn + 8¢}, {c(r)n*/?" 2logn + 8r},3"k),
where ¢(0) =1 and c(r) = c(r — 1)[1 + 162" '] for r > 1.

Proof. We shall prove part (i). Part (ii) can be proved similarly. The proof
proceeds by induction on r. If r = 0, then the update time exceeds the pre-
processing and hence the static data structure of Theorem 2 suffices. In the fol-
lowing, we shall use the notation D(T, n,r) for DS(T,{(r + 1)n — v/n,2logn +
8r}, {c(r)n1/2)" 2logn + 8r},3"a(n)). Assume that the theorem holds for any
value smaller than r. We shall show how D(T,n,r) is constructed.

We first costruct a (3,8, /n)-partition of 7' and an upward condensed tree
T'. Let T1,T5, ..., Ty, v/n < q < 8y/n, be the connected components of T, each
one of size n; = |V(T;)| = v/n and connected with the rest of 7' through at most
3 edges. Also, >7 ;n; =n, and T” has n’ = |V(T")| < 2q < 164/n nodes.

The data structure for D(T,n,r) consists of the following: D(T;,n;,r — 1),
for each 1 < ¢ < g, which enables us to answer upward range product queries
in T;, and D(T’,n’,r — 1) which enables us to answer upward range product
queries in 7. By Lemma 2, maintaining these data structures is sufficient to
answer correctly upward range product queries in 7. Since in the same Lemma,
we also showed how an upward query is answered having these data structures,
it remains to argue here only for the resource bounds.

The time and work required for the preprocessing is equal to the time and
work required for constructing: (1) the (3,8, /n)-partition of 7" and the upward
condensed tree T”, and (2) the dynamic data structures of T;’s and 7" induc-
tively. By Theorem 1 and Lemma 1, the total preprocessing work Py (n,r) is
bounded by

q
Py(n,r) <n+ ZPW(M,T —1)+ Pw(n/,r —1).

i=1
By the induction hypothesis, we have
q
Py (n,r) < n+Z('rm —vn)+rn' —vn < (r+1)n—+/n.
i=1
Similarly, the preprocessing time Pr(n,r) is
Pr(n,r) <logn + max{Pr(n;,r — 1), Pr(n’,r — 1)}

<logn + max{2logn; + 8(r — 1),2logn’ + 8(r — 1)}
<2logn + 8r

The time and work required for the update operation is the time and work to
update D(T;,n;,r — 1) and D(T",n’,r — 1). Using a similar argument as above,
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we can show that the time required for an update is 2logn + 8r. The work
Uw (n,r) required for an update is

Uw(n,r) < Uw(ng,r—1)+ Uy n',r—1)
which, by the induction hypothesis, gives:

Uw(n,r) <ec(r— 1)7151/2)T_1 +c(r — 1)(71’)(1/2)7‘71
(r— /2714 160/27]
(r)n(l/Q)T.

Finally, the query time Q(n,r) is bounded by
Qn,r) <2Q(n;,r—1)+Q(n',r — 1)

where the first term corresponds to the time required for querying the data
structures of the components in which the two nodes belong to, and the last
term corresponds to the time required for querying in 7”. By the induction
hypothesis, this gives

Q(n,r) < 23" 'a(n:)) + (3 a(n')) < 3"a(n).

Thus, we can construct D(T,n,r) in the claimed bounds and hence complet-
ing the induction. O

Remark 1. Using symmetric arguments, we can prove similar Lemmata to 2
and 3 for answering downward range product queries in a labelled rooted binary
tree, using the downward condensed tree T".

We are now ready to give our main theorem.

Theorem 3. Let T be an n-node unrooted tree such that each node is labelled
with an element from a semigroup (S,0). Then, for each k > 1 and any integer
r > 0, there exist dynamic data structures for the range product problem on T,
with the following characteristics on an EREW PRAM:

(i) DS(T, {(r + 1)n — /n,2logn + 8}, {c(r)n(/2" 2log n+8r},3"a(n));
(ii) DS(T,{((r + 1)n — /n)Ix(n),2logn + 8r}, {c(r)n(/2" 2logn + 8r},37k),
where ¢(0) =1 and ¢(r) = c(r — 1)[1 +16/2" '] forr > 1.

Proof. If T is unrooted, then we root it arbitrarily. If T is not binary, we convert
it into a rooted binary tree, in the standard way, by adding dummy nodes. To
these dummy nodes added, we associate the unit element of S. Note that the
total number of nodes is at most 2n. We then preprocess the tree (using e.g., the
algorithm of [10]) such that lowest common ancestor queries can be answered in
O(1) time. All the above will cost O(logn) time and O(n) work on an EREW
PRAM using standard techniques (see e.g., [9]). After the above preprocessing,
it follows by Lemmata 2 and 3 and Remark 1, that we can dynamically answer
upward and downward range product queries in T'. From the discussion in the
beginning of Sect. 3, it follows that if we can answer upward and downward range
product queries, then we can answer any range product query in 7. The bounds
follow easily by the above discussion and Lemma 3. O
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An immediate consequence of Theorem 3 is a continuous trade-off between
preprocessing, query, and update bounds, depending on the particular choice of
r. For instance, choosing r = —log 3, where 0 < § < 1 is any (arbitrarily small)
constant, we get the following.

Corollary 1. Let kK > 1 be any constant integer and let 0 < B < 1 be any
(arbitrarily small) constant. The dynamic range product problem, on an n-node
unrooted tree T', can be solved by constructing the following data structures on
an EREW PRAM:

(i) DS(T,{n,logn}, {n”logn}, a(n));
(ii) DS(T, {nl}(n),logn}, {n® logn}, k).

On the other hand, we may let r vary with n. For instance, choosing r =
log log n, we have the following.

Corollary 2. Let kK > 1 be any constant integer and let 0 < B < 1 be any
arbitrarily small constant. The dynamic range product problem, on an n-node
unrooted tree T', can be solved by constructing the following data structures on
an EREW PRAM:

(i) DS(T, {nloglogn,logn}, {logn,logn},a(n)log'n);
(ii) DS(T, {nl}(n)loglogn,logn}, {logn,logn}, klog"®n).

4 Conclusions

We have presented here simple and efficient dynamic algorithms for the tree
range product problem that run on the weakest PRAM model. The dynamic
tree range product problem appears to be a fundamental subproblem in many
applications, as discussed in Sect. 1. We believe that our solution to this problem
will help in the dynamization of graph problems which make use of tree data
structures.
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